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These notes present the proofs of two papers together with the material each one needs. Milnor [8] deduces

Brouwer’s fixed point theorem from the hairy ball theorem, which he proves by a volume computation

(Section 1). Section 2 records the reduction of Brouwer’s theorem to its smooth case, the route taken

by the proofs that begin with a differentiable map. Cellina [2, 3] approximates an upper hemicontinuous

correspondence with convex values by continuous functions whose graphs lie in a prescribed neighborhood

of its graph; Kakutani’s theorem follows from this together with Brouwer’s (Section 3).

1 Brouwer’s theorem, following Milnor

Notation: Sn−1 = {u ∈ Rn : ∥u∥ = 1} and Dn = {x ∈ Rn : ∥x∥ ≤ 1}, where ∥ · ∥ is the Euclidean norm on

Rn and x · y the Euclidean inner product. For maps F,G : Dn → Rn we write

∥F−G∥∞ = sup
x∈Dn

∥F(x)−G(x)∥.

A vector v(u) ∈ Rn is tangent to Sn−1 at u if u · v(u) = 0.

The structure of Milnor’s proof [8] is

Lemma 1.1 =⇒ Theorem 1.3 =⇒ Theorem 1.5 =⇒ Theorem 1.6.

1.1 The volume lemma

Let A ⊂ Rn be compact and let v : U → Rn be a C1 vector field on a neighborhood U of A. For t ∈ R set

φt(x) = x+ tv(x), x ∈ A.

Lemma 1.1. For |t| sufficiently small, φt is one-to-one on A and

volφt(A) = a0 + a1t+ · · ·+ ant
n,

a polynomial in t.1

1Here vol is n-dimensional Lebesgue measure.
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Proof. Step 1: v is Lipschitz on A. If A is a cube with edges parallel to the axes, moving from x to y

one coordinate at a time and applying the mean value theorem in each variable gives |vi(x) − vi(y)| ≤∑
j cij |xj − yj | with cij = supA |∂vi/∂xj | < ∞; summing over i yields a Lipschitz constant. For general

compact A, cover A by finitely many open cubes Iα ⊂ U so that the cube estimate applies whenever x,y lie

in a common cube. If x,y ∈ A share no cube, then ∥x− y∥ is bounded below by a positive constant, since

(x,y) 7→ ∥x−y∥ is continuous and nowhere zero on the compact set A×A\
⋃

α Iα× Iα, while ∥v(x)−v(y)∥
is bounded above. A single constant c then works uniformly:

∥v(x)− v(y)∥ ≤ c ∥x− y∥, x,y ∈ A. (∗)

Step 2: injectivity for |t| < c−1. If φt(x) = φt(y), then x−y = t(v(y)−v(x)), so ∥x−y∥ ≤ |t|c∥x−y∥
by (∗), forcing x = y.

Step 3: detDφt is polynomial in t. We have Dφt(x) = I + t [∂vi/∂xj(x)], so each entry of Dφt(x) is

affine in t, and

detDφt(x) = 1 + t σ1(x) + · · ·+ tnσn(x),

where the σk, sums of minors of Dv, are continuous on A. Since detDφt(x) is continuous in (t,x) and

equals 1 at t = 0, it is strictly positive on A for |t| small.

Step 4: change of variables.2 For such t, φt is injective and C1 with positive Jacobian, so

volφt(A) =

∫
A

detDφt(x) dx =

n∑
k=0

(∫
A

σk(x) dx

)
tk, σ0 ≡ 1.

1.2 The sphere-to-sphere lemma

Suppose Sn−1 carries a C1 field u 7→ v(u) of unit tangent vectors: ∥v(u)∥ = 1 and u · v(u) = 0. Then

∥u+ tv(u)∥2 = ∥u∥2 + t2∥v(u)∥2 = 1 + t2,

so φt(u) = u+ tv(u) maps Sn−1 into the sphere of radius
√
1 + t2.

Lemma 1.2. For |t| sufficiently small, φt maps Sn−1 onto the sphere of radius
√
1 + t2.

First proof (Banach fixed point theorem). Extend v to the annulus A = {x : 1
2 ≤ ∥x∥ ≤ 3

2} by v(ru) =

r v(u); the extension is C1, with Lipschitz constant c on A. Fix u0 ∈ Sn−1, take |t| < min{1/3, c−1}, and

define

Φ(x) = u0 − tv(x).

Since ∥tv(x)∥ ≤ |t| · 3
2 < 1

2 , the map Φ sends the complete metric space A into itself, and

∥Φ(x)−Φ(y)∥ = |t|∥v(x)− v(y)∥ ≤ |t|c∥x− y∥, |t|c < 1,

2If g : A → g(A) is injective, C1, and detDg vanishes nowhere, then volg(A) =
∫
A |detDg(x)| dx. The number detDg(x)

is the factor by which g rescales volume near x: the derivative Dg(x) sends the unit cube to a parallelepiped of volume
|detDg(x)|, and integrating this local factor over A gives the volume of the image. Here detDφt > 0 on A, so the absolute
value can be dropped.
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so Φ is a contraction. Its unique fixed point x̄ satisfies φt(x̄) = u0. Thus every u0 ∈ Sn−1 lies in φt(A);

since φt(ru) = rφt(u), multiplying by
√
1 + t2 shows every point of the sphere of radius

√
1 + t2 equals

φt(x) for some x ∈ Sn−1.

Second proof (inverse function theorem). Assume n ≥ 2. For |t| small, Dφt is nonsingular on A by Step 3

above, so φt maps open subsets of the interior of A to open sets;3 hence φt(S
n−1) is relatively open in the

sphere of radius
√
1 + t2. It is also compact, hence closed. The sphere of radius

√
1 + t2 is connected, so

φt(S
n−1), nonempty, open and closed, is the whole sphere.

1.3 Hairy ball theorem, C1 case

Theorem 1.3. An even-dimensional sphere admits no C1 field of unit tangent vectors.

Proof. The sphere Sn−1 ⊂ Rn has dimension n− 1; even-dimensional means n odd.

Suppose such a field v exists on Sn−1, n odd. Extend it to A = {x : a ≤ ∥x∥ ≤ b} by v(ru) = r v(u).

By Lemma 1.1, for |t| small,

volφt(A) is a polynomial in t. (i)

By homogeneity, φt(ru) = rφt(u), so Lemma 1.2 rescaled gives: φt maps the sphere of radius r onto the

sphere of radius r
√
1 + t2, for every a ≤ r ≤ b. Hence φt(A) = {y : a

√
1 + t2 ≤ ∥y∥ ≤ b

√
1 + t2}, the image

of A under scaling by
√
1 + t2, and

volφt(A) = (1 + t2)n/2 vol(A). (ii)

For n odd, (1+ t2)n/2 is not a polynomial in t: if p(t) = (1+ t2)n/2 with p polynomial, then p(t)2 = (1+ t2)n,

so p has degree n, while p(t) = (1 + t2)(n−1)/2
√
1 + t2 forces

√
1 + t2 to be a rational function, hence a

polynomial of degree 1; but (a+ bt)2 = 1 + t2 has no solution. Then (i) and (ii) are incompatible.

Remark 1.4. The parity hypothesis is sharp: for n = 2m,

v(u1, . . . , u2m) = (u2,−u1, u4,−u3, . . . , u2m,−u2m−1)

is a linear field of unit tangent vectors on S2m−1.

1.4 Hairy ball theorem, continuous case

Theorem 1.5. An even-dimensional sphere admits no continuous field of nowhere-zero tangent vectors.

Proof. Let v : Sn−1 → Rn be continuous, tangent, nowhere zero, with n− 1 even, and let

m = min
u∈Sn−1

∥v(u)∥ > 0.

3Inverse function theorem: if g is C1 near x0 and Dg(x0) is invertible, then g restricts to a bijection from some open
neighborhood of x0 onto an open neighborhood of g(x0), with C1 inverse. Such a bijection is called a diffeomorphism; the term
reappears in the proof of Theorem 1.6. Openness of the image follows by applying this at each point.
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By the Weierstrass approximation theorem on the compact set Sn−1 ⊂ Rn, applied componentwise (Section

2.1), there is a polynomial map p : Rn → Rn with

∥p(u)− v(u)∥ <
m

2
, u ∈ Sn−1.

Project p onto the tangent spaces:

w(u) = p(u)− (p(u) · u)u.

Then w(u) · u = p(u) · u− (p(u) · u)∥u∥2 = 0, so w is tangent. Moreover, since v(u) · u = 0 and ∥u∥ = 1,

|p(u) · u| = |(p(u)− v(u)) · u| ≤ ∥p(u)− v(u)∥ <
m

2
,

so ∥w(u)− p(u)∥ = |p(u) · u| < m/2, and

∥w(u)∥ ≥ ∥v(u)∥ − ∥p(u)− v(u)∥ − ∥w(u)− p(u)∥ > m− m

2
− m

2
= 0.

Thus w is a polynomial expression in u, hence C∞, tangent, and nowhere zero, and

u 7−→ w(u)

∥w(u)∥

is a C∞ field of unit tangent vectors on Sn−1, contradicting Theorem 1.3.

1.5 Brouwer’s theorem

Theorem 1.6. Every continuous map f : Dn → Dn has a fixed point.

Proof. Suppose f(x) ̸= x for all x ∈ Dn.

Step 1: a nowhere-zero field, radial on the boundary. Set y = f(x) and

w(x) = x− y
1− x · x
1− x · y

.

The denominator never vanishes: x · y = 1 with ∥x∥, ∥y∥ ≤ 1 forces, by Cauchy–Schwarz with equality,

x = y, that is, a fixed point. So w is continuous on Dn. If x ∈ Sn−1, then x · x = 1 and w(x) = x. And

w(x) ̸= 0 for all x: if x,y are linearly independent, w(x) is a combination of x,y with the coefficient of x

equal to 1; if y = λx, the identity (x · x)y = (x · y)x gives

w(x) =
x− y

1− x · y
̸= 0,

since x ̸= y.

Step 2: transplant to Sn. Assume n even, so Sn ⊂ Rn+1 is even-dimensional. Identify Rn with the
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hyperplane xn+1 = 0 in Rn+1. Stereographic projection from the north pole,4

s(x) =
(2x1, . . . , 2xn, x · x− 1)

x · x+ 1
,

maps Dn diffeomorphically onto the closed southern hemisphere of Sn. At u = s(x) define

W(u) =
d

dt

∣∣∣∣
t=0

s
(
x+ tw(x)

)
,

the pushforward of w by Ds.5 Then W(u) is tangent to Sn at u and nowhere zero on the southern

hemisphere, since s is a diffeomorphism and w ̸= 0. At an equator point u = s(x) with x ∈ Sn−1, because

w(x) = x is radial, a direct computation gives

W(u) = (0, . . . , 0, 1).

Step 3: glue. Apply stereographic projection from the south pole to the field −w: this yields a nowhere-

zero tangent field on the closed northern hemisphere, equal to (0, . . . , 0, 1) at every equator point. Both fields

agree on the equator, so together they define a continuous nowhere-zero tangent field on Sn, contradicting

Theorem 1.5 for n even. Hence f has a fixed point when n is even.

Step 4: odd n. If n = 2k − 1 and f : D2k−1 → D2k−1 had no fixed point, then

F(x1, . . . , x2k) =
(
f(x1, . . . , x2k−1), 0

)
is a continuous map D2k → D2k with no fixed point, since a fixed point of F has x2k = 0 and first coordinates

fixed by f . This contradicts the even case.

2 Brouwer’s theorem for differentiable maps, and Stone–Weierstrass

Several proofs of Brouwer’s theorem give the smooth case first and then pass to the continuous case by

approximation. We record that passage here.

Hypothesis (smooth Brouwer). Every smooth map g : Dn → Dn has a fixed point [9, 7, 10].

Theorem 2.1. Assume the Hypothesis. Then every continuous map f : Dn → Dn has a fixed point.

2.1 Weierstrass approximation on compact subsets of Rn

The classical Weierstrass theorem concerns a compact interval: every g ∈ C([a, b],R) is a uniform limit of

polynomials. Two standard arguments extend it to Dn ⊂ Rn.
4Put Dn in the equatorial hyperplane of Sn ⊂ Rn+1. For x in that hyperplane, draw the line through the north pole

(0, . . . , 0, 1) and x; the point s(x) is the second point where this line meets Sn. The displayed formula is the closed form of that
construction. It sends 0 to the south pole, the boundary Sn−1 of Dn to the equator of Sn, and Dn diffeomorphically onto the
closed southern hemisphere.

5To push a tangent vector forward by a differentiable map, take a curve through the point with that velocity, here the
straight line t 7→ x+ tw(x), and differentiate its image at t = 0. By the chain rule this equals Ds(x)w(x) and does not depend
on the curve chosen. The resulting vector is tangent to Sn at s(x), being the velocity of a curve that lies on Sn.
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Via Stone–Weierstrass. If K is a compact Hausdorff space and A ⊆ C(K,R) is a subalgebra containing

the constants and separating points of K, meaning that for x ̸= y in K there is g ∈ A with g(x) ̸= g(y),

then A is uniformly dense in C(K,R). Take K = Dn and A the restrictions to Dn of real polynomials in

n variables: A is an algebra, contains the constants, and separates points, since the coordinate functions

x 7→ xi already do. Hence every g ∈ C(Dn,R) is a uniform limit of polynomials in n variables. The same

applies with K = Sn−1, as used in Theorem 1.5.

Via multivariate Bernstein polynomials. Enclose Dn in [−1, 1]n, extend g continuously to the cube,6 and

run the n-variable Bernstein construction,7 the product-form generalization of the one-variable proof.

Vector-valued maps. Given f = (f1, . . . , fn) : D
n → Rn continuous and δ > 0, choose polynomials pi with

supDn |pi − fi| < δ/
√
n and set p = (p1, . . . , pn). Then

∥p− f∥∞ = sup
x∈Dn

(
n∑

i=1

|pi(x)− fi(x)|2
)1/2

< δ,

and p is C∞ on Rn.

2.2 Proof of Theorem 2.1

Proof. Suppose f : Dn → Dn is continuous with f(x) ̸= x for every x ∈ Dn.

Step 1. The function x 7→ ∥f(x) − x∥ is continuous and strictly positive on the compact set Dn, so it

attains a positive minimum: there is ε > 0 with

∥f(x)− x∥ ≥ ε, x ∈ Dn.

Step 2. Choose a polynomial map p : Dn → Rn with ∥p− f∥∞ < ε/2.

Step 3. Since ∥f(x)∥ ≤ 1,

∥p(x)∥ ≤ ∥f(x)∥+ ∥p(x)− f(x)∥ < 1 +
ε

2
,

so p need not map Dn into Dn. Set

q(x) =
p(x)

1 + ε/2
.

6Tietze extension theorem: if X is a normal topological space, in particular any metric space, A ⊆ X is closed, and g : A → R
is continuous, then there is a continuous g̃ : X → R with g̃|A = g; if |g| ≤ M on A, the extension can be chosen with |g̃| ≤ M .
In the present case no general theorem is needed: g̃(x) = g

(
x/max{1, ∥x∥}

)
extends g from Dn to all of Rn continuously, by

composing with the radial retraction.
7For g ∈ C([0, 1]n,R), the n-variate Bernstein polynomial of order k is

Bkg(x1, . . . , xn) =

k∑
j1=0

· · ·
k∑

jn=0

g

(
j1

k
, . . . ,

jn

k

) n∏
i=1

(k

ji

)
x
ji
i (1− xi)

k−ji ,

and Bkg → g uniformly on [0, 1]n as k → ∞. The proof is the probabilistic argument of the one-variable case, using the product
structure of the weights: each factor is the probability mass function of a binomial distribution. The cube [−1, 1]n is handled
by an affine change of variables.
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Then ∥q(x)∥ < 1, so q : Dn → Dn, and q is polynomial, hence smooth. Moreover

∥q(x)− p(x)∥ = ∥p(x)∥
(
1− 1

1 + ε/2

)
= ∥p(x)∥ ε/2

1 + ε/2
≤ ε

2
,

using ∥p(x)∥ ≤ 1 + ε/2.

Step 4. By the triangle inequality, for every x ∈ Dn,

∥q(x)− f(x)∥ ≤ ∥q(x)− p(x)∥+ ∥p(x)− f(x)∥ <
ε

2
+

ε

2
= ε.

Step 5. For every x ∈ Dn,

∥q(x)− x∥ ≥ ∥f(x)− x∥ − ∥q(x)− f(x)∥ > ε− ε = 0,

so q is a smooth self-map of Dn with no fixed point, contradicting the Hypothesis.

3 Cellina’s approximation theorem

Throughout this section E ⊆ Rm is compact, F ⊆ Rk is convex, and Γ : E → 2F is upper hemicontinuous

(uhc) with nonempty convex values. For δ > 0 and x ∈ E, define

Γδ(x) = co
⋃

z∈Nδ(x)∩E

Γ(z),

where Nδ(x) is the open δ-ball about x and co denotes the convex hull.8 Write GraphΓ = {(x,y) : x ∈
E, y ∈ Γ(x)} ⊆ Rm × Rk. For (x,y) ∈ Rm × Rk set

dist
(
(x,y),GraphΓ

)
= inf

{
∥(x,y)− (x′,y′)∥ : (x′,y′) ∈ GraphΓ

}
,

the distance with respect to the Euclidean norm on Rm × Rk, and define

Nε(GraphΓ) =
{
(x,y) ∈ Rm × Rk : dist

(
(x,y),GraphΓ

)
< ε
}
.

Lemma 3.1. Let Γ : E → 2F be uhc with nonempty values.

(i) If Γ(x) is compact for every x ∈ E, then Γ(E) =
⋃

x∈E Γ(x) is compact.

(ii) If Γ(x) is closed for every x ∈ E, then GraphΓ is closed.

Proof. See de la Fuente [4], Chapter 2, and Border [1], Chapter 11.
8For A ⊆ Rk, coA is the set of all finite convex combinations of points of A, equivalently the smallest convex set containing

A.
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3.1 The compact-valued version

Lemma 3.2 (Cellina; Border, Lemma 13.1). Assume Γ(x) is compact for every x ∈ E. Then for every

ε > 0 there exists δ > 0 such that GraphΓδ ⊆ Nε(GraphΓ).

Proof (following Border, 13.2). Suppose not. Then there exist ε > 0 and, for each n ∈ N, a pair (xn,yn) ∈
GraphΓ1/n with dist

(
(xn,yn),GraphΓ

)
≥ ε. Since yn ∈ co

⋃
z∈N1/n(xn)∩E Γ(z) ⊆ Rk, Carathéodory’s

theorem9 lets us write

yn =

k∑
i=0

λi,n wi,n, (λ0,n, . . . , λk,n) ∈ ∆k, wi,n ∈ Γ(zi,n), ∥zi,n − xn∥ <
1

n
,

with ∆k the standard k-simplex. All sequences live in compact sets: xn, zi,n ∈ E, the coefficient vectors lie

in ∆k, and wi,n ∈ Γ(E), compact by Lemma 3.1(i). Passing to a common subsequence,

xn → x̄ ∈ E, λi,n → λ̄i, wi,n → w̄i, zi,n → x̄,

with (λ̄0, . . . , λ̄k) ∈ ∆k, the last limit because ∥zi,n − xn∥ < 1/n. By Lemma 3.1(ii), GraphΓ is closed, and

(zi,n,wi,n) ∈ GraphΓ, so w̄i ∈ Γ(x̄) for each i; by convexity of Γ(x̄),

yn → ȳ =

k∑
i=0

λ̄iw̄i ∈ Γ(x̄).

Hence (xn,yn) → (x̄, ȳ) ∈ GraphΓ along the subsequence, so dist((xn,yn),GraphΓ) → 0, a contradiction.

Theorem 3.3 (Approximation theorem; von Neumann, Cellina). Assume Γ(x) is compact for every x ∈ E.

Then for every ε > 0 there exists a continuous fε : E → F with Graph fε ⊆ Nε(GraphΓ) and fε(E) ⊆ co Γ(E).

Proof (following Border, 13.4). Take δ > 0 as in Lemma 3.2 and cover E with finitely many balls Nδ/2(xi),

i = 1, . . . , p, with xi ∈ E. Set µi(x) = max{δ/2−∥x−xi∥, 0} and λi = µi/
∑

j µj , a continuous partition of

unity subordinate to the cover.10 Choose yi ∈ Γ(xi) and define fε(x) =
∑p

i=1 λi(x)yi, a continuous function.

If λi(x) > 0 then ∥x− xi∥ < δ/2 < δ, so yi ∈
⋃

z∈Nδ(x)∩E Γ(z); hence fε(x), being a convex combination of

such points, lies in Γδ(x), and Lemma 3.2 gives (x, fε(x)) ∈ Nε(GraphΓ). Finally fε(x) ∈ co Γ(E) ⊆ F by

convexity of F .

3.2 The version without compactness of the values

The statement below is that of Cellina [2]; the proof given is the direct estimate of Hildenbrand–Kirman,

Lemma AIV.1, not a transcription of Cellina’s argument.

9If A ⊆ Rk and y ∈ coA, then y is a convex combination of at most k + 1 points of A.
10That is, each λi : E → [0, 1] is continuous,

∑p
i=1 λi ≡ 1 on E, and λi vanishes outside Nδ/2(xi). It is well defined because

the balls cover E, so the denominator is positive.
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Theorem 3.4 (Cellina). Let E ⊆ Rm be compact, F ⊆ Rk convex, and Γ : E → 2F uhc with nonempty

convex values. Then for every ε > 0 there exists a continuous fε : E → F with Graph fε ⊆ Nε(GraphΓ) and

fε(E) ⊆ co Γ(E).

Proof. Fix ε > 0. Since Γ is uhc, for each x ∈ E there is δ(x) ∈ (0, ε/2) such that

Γ
(
Nδ(x)(x) ∩ E

)
⊆ Bε/2

(
Γ(x)

)
.

The balls Nδ(x)/4(x) cover E; extract a finite subcover Nδ1/4(x1), . . . , Nδp/4(xp) with δi = δ(xi), take a

continuous partition of unity {λi} subordinate to it,11 choose yi ∈ Γ(xi), and set fε(z) =
∑p

i=1 λi(z)yi,

continuous with values in co Γ(E) ⊆ F .

Fix z ∈ E and let I(z) = {i : λi(z) > 0}, so ∥z − xi∥ < δi/4 for i ∈ I(z). Choose j ∈ I(z) with δj

maximal. For every i ∈ I(z),

∥xi − xj∥ ≤ ∥xi − z∥+ ∥z− xj∥ <
δi
4
+

δj
4

≤ δj
2

< δj ,

so xi ∈ Nδj (xj) and hence yi ∈ Γ(xi) ⊆ Bε/2(Γ(xj)). The ε/2-neighborhood of the convex set Γ(xj) is

convex, so the convex combination satisfies fε(z) ∈ Bε/2(Γ(xj)): there is w ∈ Γ(xj) with ∥fε(z)−w∥ < ε/2.

Since also ∥z− xj∥ < δj/4 < ε/2, the point (xj ,w) ∈ GraphΓ satisfies

∥∥(z, fε(z))− (xj ,w)
∥∥ =

√
∥z− xj∥2 + ∥fε(z)−w∥2 <

√
ε2

4
+

ε2

4
< ε,

so (z, fε(z)) ∈ Nε(GraphΓ).

3.3 Comparison of the two versions

Theorems 3.3 and 3.4 have the same conclusion under different hypotheses.

Theorem 3.3 assumes Γ(x) compact for every x ∈ E, and its proof runs through Lemma 3.2, an argument

by contradiction and subsequence extraction. Compactness of the values enters there twice. It makes Γ(E)

compact by Lemma 3.1(i), which is what allows a convergent subsequence of the wi,n to be extracted; and

it makes GraphΓ closed by Lemma 3.1(ii), which is what puts the limit (x̄, ȳ) back in the graph. Neither

step survives if the values are unbounded.

Theorem 3.4 is Cellina’s 1969 statement and assumes only that Γ is uhc with nonempty convex values.

Its proof is a direct estimate from the definition of upper hemicontinuity: there is no subsequence, no

contradiction, and no appeal to compactness of Γ(E) or closedness of the graph. The values may then be

closed and unbounded, or convex and not closed, and the approximation still goes through.

The result goes back to von Neumann’s 1937 paper on the expanding economy model [11]. Border states

it as “von Neumann’s Approximation Lemma” (13.3) and proves it through Lemma 3.2, that is, by the

compact-valued route. Cellina rediscovered and generalized it in two 1969 papers. The first, in the Annali
11Set µi(z) = max{δi/4−∥z−xi∥, 0} and λi = µi/

∑p
j=1 µj . By construction λi(z) > 0 if and only if ∥z−xi∥ < δi/4, which

is the implication used below.
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di Matematica [2], is Theorem 3.4 above and derives Kakutani’s theorem as an application; it is the version

reproduced as Lemma AIV.1 in Hildenbrand–Kirman [5]. The second, the Lincei note [3], holds over an

arbitrary metric domain with values in a metric locally convex space, trading compactness of the domain

for total boundedness of the range R(Γ) and closedness of the values; as Cellina notes in his introduction,

neither theorem contains the other. Incidentally, the Hildenbrand–Kirman footnote credits “Celina (1969)”

with a single ell.

3.4 Kakutani’s theorem via Cellina

Theorem 3.5 (Kakutani). Let X ⊂ Rn be nonempty, compact, and convex, and let Ψ : X → 2X be uhc

with nonempty, compact, convex values. Then Ψ has a fixed point: there exists x̂ ∈ X with x̂ ∈ Ψ(x̂).

Proof. Apply Theorem 3.4 with E = F = X and ε = 1/n: there are continuous functions fn : X → X with

Graph fn ⊆ B1/n(GraphΨ), n ∈ N,

using here only that Ψ is uhc with convex values, together with fn(X) ⊆ coΨ(X) ⊆ X, which holds by

convexity of X. By Brouwer’s fixed point theorem (Theorem 1.6), applicable since X is nonempty, compact,

and convex, each fn has a fixed point x̂n, and

(x̂n, x̂n) = (x̂n, fn(x̂n)) ∈ Graph fn ⊆ B1/n(GraphΨ).

Hence for each n there exists (xn,yn) ∈ GraphΨ with ∥x̂n − xn∥ < 1/n and ∥x̂n − yn∥ < 1/n. By

compactness of X, a subsequence x̂nk
→ x̂ ∈ X; then xnk

→ x̂ and ynk
→ x̂ as well. Since Ψ is uhc with

closed values, GraphΨ is closed by Lemma 3.1(ii), so (x̂, x̂) ∈ GraphΨ, that is, x̂ ∈ Ψ(x̂).

Remark 3.6. With X compact, the following three hypotheses on Ψ : X → 2X with nonempty values

are equivalent: (a) GraphΨ is closed; (b) Ψ is uhc with closed values; (c) Ψ is uhc with compact values.

Kakutani’s original statement [6] and Hildenbrand–Kirman use (a). They are the same theorem.

The approximation step needs no compactness of the values, but Kakutani’s theorem assumes it. The

hypothesis is used at one point only: it makes GraphΨ closed, and so puts the limit of the approximate

fixed points back in the graph. The rest is carried by convexity, of the values in Theorem 3.4 and of X in

Brouwer’s theorem and in fn(X) ⊆ coΨ(X) ⊆ X, and by compactness of X, which yields the finite subcover

in the approximation and the convergent subsequence of fixed points.
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