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Abstract

These notes accompany the course Probability and Statistics 1, taught
at the Pontificia Universidad Catolica del Perti during the 2024-1 semester.
They give an introduction to probability theory from the measure-
theoretic point of view: probability spaces, random variables and ran-
dom vectors, integration, independence, the classical convergence the-

orems, LP spaces, characteristic functions and conditional expectation.

Conventions. Throughout, r.v. abbreviates random variable (or ran-
dom vector, depending on context), a.s. abbreviates almost surely, and
i.1.d. abbreviates independent and identically distributed. The sym-
bol |4 denotes a union of pairwise disjoint sets. We write A — B and
A\ B interchangeably for set difference. The monotone and dominated

convergence theorems are abbreviated MCT and DCT, respectively.
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1 Lecture 1

Remark. As motivation for the axiomatic construction that follows, it is
worth keeping in mind Bertrand’s paradox: the statement “a chord is
chosen at random in a circle” does not determine a probability, because
different reasonable ways of formalizing “at random” lead to different answers.
See |Le Gall(2022), p. 144]|. The moral is that a probabilistic model is not

determined by the sample space alone: one must also specify the measure.

1. © will denote the sample space. It may be finite, infinite, etc.; the

only requirement is that Q # (). For instance, for the roll of a die,
Q={1,...,6}.

2. P: 22 — [0,1] (when the sample space is finite or countable). This
function (a probability measure, or simply a probability) satisfies a
number of properties.

(a) P(Q) =

(b) P(0) =

(c) Given A C Q, P(A) +P(A°) =1
)

(d) (o-additivity) If Ay, Ag, As, ... in 22 are pairwise disjoint, then

() - S
n=1 n=1

The first two properties together with g-additivity are the axioms;

the remaining ones are consequences.

Remark. In general it is not always possible to work on 2 (the largest o-
algebra one can consider on ). Indeed, already for the Lebesgue measure

on [0, 1] we cannot work with all subsets of [0, 1]. We therefore consider
P:.7% —[0,1]

where % is a o-algebra on ).



Properties:

e If Ay,..., A, € F are pairwise disjoint, then
P (U Ak> = ZIP)(Ak).
k=1 k=1
This follows from the countably infinite case by taking A; = 0 for
j>n+1.
e If A,Be % and A C B, then
P(A) +P(B — A) = P(B).
In particular, P(A) < P(B).
o If A, B € #, then
P(AUB)+P(ANB)=P(A) + P(B).
This follows from

P(A) + P(B — A) = P(AU B)
P(ANB) +P(B — A) = P(B).

o If A1, As,--- € F, then
P (U Ak> <> P(4).
k=1 k=1

Proof. Consider the sets By = Ay, Bo = Ay — Ay, ..., By = Ax —
U?;ll A;, and so on. Then B;NB; = () for i # j. Moreover, U§:1 A=
U?:l Bj (by induction on k). Hence

U4 =U5:
j=1 j=1



and therefore

7j=1 7j=1
= Z P(B))
j=1
<) P(4)),
j=1
where the last inequality follows from B; C A;. O

o If A1, As,..., A, € F, then
P (U Ak> <> P(4).
k=1 k=1
o If Ay, As,--- € .F and A, T A', then lim,, o, P(A4,) = P(A).
Proof. Set By = Ay, Bo = As — Ay, ..., By = A — Ax_1, and so on.

Clearly BiNB;j = for i # j, and U?:1 Aj = U?:l B;j for every n € N.

Therefore,

!That is, A1 CA2 C--- C Ap—1 C A, and U]oil Aj = A



Exercise 1.1. Let Ay, As,--- € F with A, | A%. Show that lim, P(A,) =
P(A). Note that, because we work with probability measures, there is no

need to add the hypothesis P(4;) < oo.
Proof. Set B,, = A1 — A,. Then:
e B,NA,=0;
e Ay =B, UA,:
o P(A1) =P(B,) +P(A4,);
o P(A1) —P(B,) =P(A4,);
e B, C Bpy1;
e since B,, C Bpi1, P (U2 Br) = limy 00 P(By);

® Inoreover,

UBn=JA1—4,) =4, - ) 4n
n=1 n=1 n=1

Hence,
limP(B,) = P(A;) — P ( N An>
" neN
P (ﬂ An> =P(A;) — limP(B,)

neN "

= limP(A,).
O
Inclusion—exclusion principle. Let A, As,..., A, € #. We want to

2This means that Aj+1 C Aj and 0321 Aj; = A



compute the probability of the union:

U Aj = ZP(AJ) — Z ]P)(AZ N AJ)
j=1 j=1

1<i<j<n

+ Z IP(AZ N Aj N Ak) — - n+1P ﬁ

1<i<j<k<n

Proof. The identity certainly holds for n = 1,2. Assume it holds for n = k:

k k
Uai| =D P) - > PANA4)
Jj=1 j=1 1<i<j<k
4+ 4 (=D)FIPA NN Ap).
On the one hand, writing B = U§:1 Aj,

P(BU Agy1) = P(B) + P(Ag41) — P(B N Apq).

On the other hand,

k
P(BN Ap1) =P | | (45 N Agpa)

Jj=1

]P’(Aj N Agt1) +

I
<.
I M;v
—_

1)k+1]P)((A1 N Akz—i—l) (A2 N Ak—i—l) n---N (Ak N Ak+1))

_l’_

(Aj N Ak+1) + -+ (—1)k+1]P) (A1 n---N Ak+1) .

I
Mw

<.
Il
—



Therefore,

]P)(B U Ak+1) = ]P’(B) + ]P)(Ak—l-l)

k
— D PA N Apr) + o+ (CDFTP (AN 0 Apg)

j:
k
=Y P(4)— > P(ANA)+
j=1 1<i<j<k

+ (—1)k+1P(A1 n---N Ak) + P(A]H_l)

k
Z A N Ak+1 -+ (—1)k+1]P) (Al n---N Ak+1)
k+1
=N P(A) o+ (CDFPR(AL N0 A).
j=1

Remark. The inclusion—exclusion principle can be rewritten as
P(Ua) -3 x s
k=1 IC{1,.n}, |I|=k

with A[ = mie[ 14Z If we write

qr = Z P(Ay), k=1,...,n,
IC{1,..n}, |I|=k

we obtain the Bonferroni inequalities: truncating the alternating sum at a
positive term gives an upper bound, and truncating it at a negative term

gives a lower bound. That is,

P(Ux‘h) < q, P(UAZ')Zm—(D, P(UAi>SQ1—Q2+Q3,
i=1 i—1 i—1

and so on, with equality reached at step n.

10



2 Lecture 2

2.1 o-algebras and probability measures
Definition 2.1. Let Q # (). We say that .# C 2 is a o-algebra on § if
1. Qe .7
2. A€ .7 implies A¢ € .F,;
3. Ay, Ag,--- € Z implies ey An € Z.
Remark. If A,B € %, then AN B € ., since AN B = (A°U B¢)¢.3
Definition 2.2. A probability space is a triple (2, .%#,P) consisting of
1. a nonempty set €, called the sample space;
2. a o-algebra . on Q*, whose elements are called events;
3. a probability measure P on (2,.%), in the sense of the next definition.
Definition 2.3. A probability measure is a function P : .# — R such that
1. P(@) =0 and P(Q2) = 1;
2. 0<P(A) <1 forall Ae Z;

3. if Ay, As, - € F are pairwise disjoint, then
o0 oo
P (U Ak> = ZIP(Ak).
k=1 k=1

Example 2.4. Let Q = {wi,...,wp} or Q = {w;,wo,...}. Take .F = 29
and p1,...,p, € [0,1] with > ) pr = 1 (respectively Y o, pr = 1 in the
second case). Then P : .7 — R given by P(4) = 3_ _,px is a probability

measure.

Indeed, A, B € .# (because A and B are), so A°U B° € .# by property (3), and one
more application of (2) gives (A°U B)° € %.

4A nonempty family such that A € .F = A° € .Z and, if A1, As,--- € Z, then
Unen 4n € Z.

11



Proof. We check the conditions one by one (for the infinite case; the finite

case is entirely analogous):
1L P(Q) = ZwkEka = 220:1 pr = 1.
2. ]P)(@) = Zwke@ pr = 0 (empty sum).

3. f A=4,2, Ay, then

o0

S =Y =Y B4

wr€EA n=1wr€A,

Remark. Note that, for every A, the series
> m
wipEA

converges absolutely, since >, 4Pk < >, cqpr = 1. This allows us to
rearrange its terms. More generally, a series with nonnegative terms can

always be rearranged.

Example 2.5. Let Q = |;_; Ax (the Ay pairwise disjoint with union ).

Consider

F=SA;=JA4;: Tc{l,...,n}
jeJ

and its countable analogue, for Q = |4, oy A,

F = AJ:UAj: JCN
jeJ

First of all, these are o-algebras on €. Next, let pi,...,p, > 0 with
> h—1Pr = 1 (analogously p1,pa,--- > 0 with >°, -y pr = 1). Then

P(A;) = _p;

jedJ

is a probability measure on (2, .%).

12



Proof. We first show that .# is a o-algebra:

1. Taking J =N (or J = {1,...,n}), the corresponding union is 2. Hence
NeZz.

2. Let B € %; we may write
B=J4.
Jj€J
Since the A; form a partition of €2,
Be=|JA4;= (] 4,¢7,
jeJ jeJe

because J¢ C {1,...,n} (respectively J¢ C N).

3. Let By, By, € .F with B; = J;c; Aj. Setting J = >, Ji,

j€J;
oo oo
UBZ‘:U UAj: UAng.
i=1 i=1j€eJ; jed

Finally, checking that IP is a probability measure is straightforward. Indeed,
J CNandpj >0,s00<P(Ay) <> . pr = 1. The o-additivity follows from
the fact that the index sets of a disjoint union of elements of .%# partition
the index set, together with the fact that a series of nonnegative terms may

be rearranged freely. O

Example 2.6. Let (£2,.%#) be a measurable space and z¢ € 2. The function
0z, : - F — R given by

1, ifzg € A,
Ozo(A) =

0, otherwise,

is a probability measure on (£2,.%), known as the Dirac measure on (£2,.%)

concentrated at the point xzg.

Proof. We check the properties:

13



. xo ¢ 0, hence d,,(0) = 0.

. xo € Q, hence 0,,(Q) = 1.

. By definition, d,,(A) € [0,1].

. Let Ay, Ag,--- € Z be pairwise disjoint. If zg € 42| Ay, there is a

unique ng with zg € A,,, and xg ¢ A,, for n # ng. Thus

S ( + An> =1=020(Ang) = > _ 2 (An).
n=1

n=1

If zo ¢ |4, Ay, both sides equal 0.

O]

Example 2.7. If P,@Q are probability measures on ({2,.%#) and « € (0,1),

then aP+(1—a)Q is also a probability measure on (£2,.%). More generally, if

..., P, are probability measures and t1, ..., t, € [0, 1] satisfy > """ ; ¢; =1,

then )" | t;P; is a probability measure as well. The same holds in the

countable case.

Proof. We prove all items in the countably infinite case (which subsumes the
others):

Lo (o2 tiP) (0) =322, ti-0=0.

2. (22021 tiPi) (Q) = ZS; tzPZ(Q) = Z;ﬁl t; = 1.

14



3. If A=1;2; Aj, then

(Ser) o

| |

A
+8

I
Mg

s
Il

—_
.
Il

—

I
M8
NE
:fé

.
Il
—
-
Il
_

= i ( 3 tiPi) (A])
j=1 \i=1

where the interchange of sums is legitimate because all terms are non-

negative.

2.2 Random variables and random vectors

Definition 2.8. We say that X : 2 — R" is
1. a random wvariable, if n = 1;
2. a random vector, if n > 2,

provided it is measurable with respect to the corresponding o-algebras.
When the distinction is immaterial we shall also say “random vector” in

the case n = 1.

Definition 2.9. Generated o-algebra. Let  be a nonempty set and % a
family of subsets of €. Let {#\}xea be the family of all o-algebras on Q2

containing ¢’; it is nonempty, since 2 is one of them. We define

%) =[] Fx

A€A

the smallest o-algebra on 2 containing €.

15



Remark. Note that o(%) is indeed a o-algebra, since an intersection of a
family of o-algebras is a o-algebra, and it contains €. Moreover, if €1 C %3,
then 0'(%1) C O'((gg).

Borel sets.
A (R) = o(open intervals of R)
A(R™) = o(open sets of R™).
More generally, if (E,7T) is a topological space, then
PB(E) = o({open sets of E'}).
Proposition 2.10. Let
1. ¢ = {(—00,a] : a € R} and € = {(—0o0,qa] : a € Q},
2. Cy = {(—00,a):a € R},
3. C3 ={(a,0) : a € R},
4. C4 ={[a,00) : a € R}.

Then
o(C7) = 0(C1) = 0(C2) = 0(C3) = 0(Cs) = B(R).

On the other hand, if for a = (a1,...,a,) € R" we write (—o0,a] =
[T, (=00, a;] and set

C={(—o0,a]l: aeR"},
then
a(C) = B(R").
2.3 Inverse image (preimage) of a set under a function

Let f: A — B be a function and C' C B. The inverse image of C' under f
is the set
fAC)={zecA: fz)eC}CA.

Let C and Cy, A € A, be subsets of B. Then

16



—_

\)

w

T (Unea ©3) = Unea f7HON):;
T (Maea ©3) = Maea F7HEN):
fTHE) = [FHO

f7H(0) =0 and f71(B) = A.

17



3 Lecture 3

Definition 3.1. Let (Q,.%

function. We say that X is
A € A(R); in symbols,

a random variable when X ~1(A) € .Z for every

X (7)) = (R, Br).

This extends to R™ in the obvious way.

Notation. Let X : Q@ — R"

{X e A} =

be a random vector and A € #A(R™). We write

{weQ: X(w) e A} =X"1(A).

Notation. Let X : @ — R be a random variable and a,b € R. Then

{(X=a}={weQ:
{(X<a}={weQ:
{X<a}={weQ:
{X>a} ={weQ:
{X>a}={weQ:
{a <X <b}={weQ:

Example 3.2. Let Q = {a,

) — R be given by

X(w)=a}=X"({a})
X(w) <a} = X"((~00,a))
X(w) < a} = X7!((~00,a))
X(w) >a} = X"!((a,00))
X(w) 2 a} = X7'([a,0))
a < X(w) <by=X"Ya,b]).

b,c,d} and F

Y(d) = 0.

Then X is a random variable but Y is not. Indeed, for A € Z(R),

Q
{a, b}
{e. d}
0

if1,2 € A,
ifled, 2¢A,
ifl1¢ A 2€A,
if1,2¢ A.

18

,IP) be a probability space and X :  — R a

{0,9,{a,b},{c,d}}. Let X, Y :



On the other hand, Y~1({0}) = {b,d} ¢ .#. Note that if we change the o-
algebra, taking for instance {0, Q, {a, c}, {b,d}}, then Y becomes a random

variable and X no longer is one.

Example 3.3. Indicator function. Let (£2,.#) be a measurable space and

A C Q. The function 14 : Q — R given by

1, fweA,
0, ifwé¢gA,

1A(w) =

is called the indicator function of A. One has

14 is a random variable <— A € %.

3.1 Law or distribution of a random vector

Definition 3.4. Let (Q2,.%,P) be a probability space and X : Q@ — R" a
random vector. The law, or distribution, of X is the probability measure on
(R™, B(R™)) given by

Py : ZR") - R
A P(XHA)).

Exercise 3.5. Verify that Py is a probability measure.

Example 3.6. Let X ~ B(n,p). Then

Px({k}) = P(X = k)

<Z>pk(1—p)"_k, k=0,1,...,n.
Formally,

Px: #A(R) - R

A Z (Z)pk(l —p)n k.

keA

19



Example 3.7. Let X ~ N(0,1). Then

b
]P’(a<X§b):/<p(:c)dx, Va<b,

—Px((ab]) ¢

where
1 a2
T) = e 2.
p(z) o

To obtain the measure of every Borel set:

Px: B(R) - R

A /(p(:):) dx .
\A_V_z
Lebesgue integral

3.2 Conditional probability

Definition 3.8. Let (Q,.%,P) be a probability space and B € % with
P(B) > 0. For each A € .# we define the conditional probability of A given

the event B by
P(AN B)

PAIB) = —5

Remark. The function

PB .7 - R
A P(A|B)

is a probability measure on (2, .%).

Suppose Ay, Ag,..., Ay € F and Q= _, Ay. If A€ Z, then
P(A) =Y P(ANA).
k=1
If, in addition, P(A;),...,P(A,) > 0, then (law of total probability)

P(A) =) P(A|Ay)P(Ap).
k=1

20



3.3 Discrete random vectors

Let (2,.#,P) be a probability space and X : Q@ — R" a random vector. We
say that X is a discrete random vector when there exists a countable set
A C R™ such that

P(X e€A)=1.

Definition 3.9. Probability mass function. The probability mass func-

tion of a discrete random vector is defined by

PX : A= R
x— P{X =z}
or, equivalently,
Px: R* - R
z— P{X = z}.

3.4 Mean or expectation

Let (2, #,P) be a probability space and X a discrete random variable, with
A C R countable such that P(X € A) = 1:

Loif A={x,...,2z,}, then E[X] = >}, 2xPx (2x);
2. if A= {x1,x9,...}, then E[X] = > 72, zxPx ().

If all the zj are > 0, or all are < 0, the expectation is well defined (possibly

with an infinite value). In general, set

I'={keZsy: x>0}
J={k€Zy: x, <0}
Sr=>_ mPx ()

kel >0

Sy = ZkaX(xk).

ked 2
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If at least one of S7, Sy is finite, we put E[X] = S; + S;. If S = 400 and
Sj = —o0, the expectation E[X] is not defined. We say that X is integrable
when both are finite, that is, when ), |z4|Px (z5) < oo.

Proposition 3.10. Let (£2,.%,P) be a probability space, X,Y discrete ran-

dom variables and o« € R. Then:

1.

2.

aX is a discrete r.v. and E[aX]| = oE[X].
X +Y is a discrete r.v. and E[X + Y] = E[X] + E[Y].
If X <Y, then E[X] < E[Y], provided both expectations are defined.

If g : R — R is Borel measurable, then g(X) is a discrete r.v. and
Elg(X)] = > 9(xk)Px(x)), the sum being finite or infinite as the

case may be.

Proof. Item by item:

1.

2.

If @ # 0, then ElaX] = Y727 (axp)pr = ad oy zipr = oE[X]. If
a =0, then aX =0 and E[0] =0=0-E[X].

Summing twice:

E[X +Y]= Zx: > (@ +yp(z,y)
::zgjjgj[xp(x,y)ﬁ—yp(x,yﬂ
:Z;ipm@w+%xszw)
:gpgymwygzjgpmw
- Zx:xp)y((x) + Zy: ypyy(y)

= E[X] +E[Y].

22



Here,
p(l‘,y) - P(X =Y = y)
px(2) =P(X =z) =) p(z,y)

py(W) =P(Y =y)=> p(z,y).

3. f X <Y, thenY — X >0 and hence (y — z)p(z,y) > 0 for every pair
(z,y) with p(x,y) > 0. Therefore,

0<> > (y—a)p(z,y) = E[Y] - E[X].

4. By definition, together with Proposition 4.2(4), proved in the next

lecture.

O

4 Lecture 4

Lemma 4.1. Let X be a discrete r.v. with finite mean, written as

oo
X = Z Ci]-Ai~
=1
Then -
E[X] =) aP(A).
=1

Proof. Here the A; are pairwise disjoint with (J; 4; = Q, so that X takes
values in the countable set {c1,c2,...} and A; = X 1({¢;}). Hence p; :=
Px(¢;) = P(4;) and

EX] =) cpi=) cP(A).
=1 =1

This follows from

X_l{ci} =A;, — Po X_l{ci} = PX(Ci) = P(Al)

23



Proposition 4.2. (This is Proposition 3.10; we restate it because we now
prove it again, this time starting from the representation of a discrete r.v. as
a combination of indicator functions.) Let (£2,.#,P) be a probability space,

X,Y discrete random variables and o € R. Then:
1. aX is a discrete r.v. and E[aX] = aE[X].
2. X +Y is adiscrete r.v. and E[X + Y| = E[X] + E[Y].
3. If X <Y, then E[X] < E[Y], provided both expectations are defined.

4. If g : R — R is Borel measurable, then g(X) is a discrete r.v. and
Elg(X)] = > 9(xk)Px(xk), the sum being finite or infinite as the

case may be.
Proof. Ttem by item:
L. Write X =377 o314, and Y =377 y;1p,, where Ay = X 1({zr})
and B; = Y }({y;}). Then

o0
aX = Z(amk)lAk,

k=1
ElaX] = (owy)P(Ag)
k=1
= aZxk]P’(X_l{:rk}) = aZkuP’X(xk) = oE[X].
k=1 k=1

2. We have X +Y = >3/2  w1a, + > 52, y;j1p;, hence

EX +Y] =) (ar+y)P(X =, Y =)

k=1 j=1
0o 00 co 00

= ZZQB;JP(X = l‘k,Y = yj) + ZZyﬂP(X = :Ck,Y = yj)
k=1 j=1 k=1 j=1

= @P(Ar) + Y yP(B))
k=1 j=1
= E[X] + E[Y].

24



3. Since 5 1p, =1 and } ;5 14, = 1, we may always write
oo oo
k=1 j=1 kj>1

and, in the same way,

Y = Z yj]-AkﬁBj7
k,j>1

where in both sums it suffices to consider the pairs (k, j) with A,NB; #
0. Picking w € Ay N Bj gives z; = X (w) > Y (w) = y; (for the reverse

inequality, swap the roles of X and Y'), whence

Z y]]P)(Ak N BJ) < Z l’kP(Ak N BJ)
k,j>1 kj>1

4. From X =3 72 xx1la, we get g(X) = 72, g(x)1la,, so that
Elg(X)] =Y glax)P(Ag).
k=1

O]

Definition 4.3. Let X : Q@ — R"™ n > 1, be a random vector. We define

the moment generating function

Mx :R" =R,  Mx(t) = E[e“Y)],
and the characteristic function

dx:R" - C,  dx(t)=E[HX)]
Theorem 4.4. Let X : 2 — R be a random variable. Then

1. M)(?)(O) = E[X*] for k =1,2,3,..., provided M is finite on a neigh-
bourhood of 0;

2. o) (1) = B[(iX)keX] for k= 1,2,... and ¢ € R, provided E[|X|*] <

Q.
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Definition 4.5. Let X : Q — R be a discrete r.v. with E[X?] < co. The
variance of X is defined by

Var(X) = E[(X — E[X])?],
and the standard deviation of X by
ox = \/Var(X).
Proposition 4.6. Let X be a discrete r.v. with E[X?] < oo.
1. If ¢ € R, then Var(cX) = ¢2 Var(X).
2. If ¢ € R, then Var(X + ¢) = Var(X).
3. Var(X) = E[X?] — (E[X])%.
Proof. Item by item.
1. Since E[cX] = cE[X],

E[(cX - E[cX])’] = E[(c(X — E[X]))*] = ¢ E[(X - E[X])?].

2. Since E[X + ¢] = E[X]| + ¢, we get

E[(X + ¢ — E[X + ¢])?] = E[(X — E[X])?].

3. Finally,
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4.1 Independence of discrete random vectors

Let Xy : Q — R™ X\ € A, be discrete random vectors. We say that they are

independent when
k
P(Xy, =z1,..., Xx, = z) = [ [P{X), = 2},
i=1

for all k> 2, all A1,...,\; € A pairwise distinct and all x; € R™.

Definition 4.7. Bernoulli distribution. Let p € (0,1). We write X ~
Be(p) if P{X = 1} = p and P{X = 0} = 1 — p; that is, Px(1) = p and
Px(0) =1 —p. Then

Var(X) = E[X?] - E[X]? = p — p> = p(1 — p)
Mx(s) = E[e**] = pe® + (1 — p).

Definition 4.8. Binomial distribution. Let n € N and p € (0,1). Let
X be the number of successes in n independent Bernoulli trials, each with

success probability p. We write X ~ B(n,p), and

P(X =k) = <Z>pk(1 —p)"k, k=0,1,...,n.

Proposition 4.9. One has
1. E[X] =np;
2. Var(X) =np(1 —p);

3. Mx(s) = (pe®+1—p)".
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Proof. First,

the last equality being the binomial theorem. Next,

E[X?]

where

S (-

. n—=1\ o 1)-(k-1)
Zim(k_1>p (1-p)

np((n—1)p+1)
n’p* + np(1 - p),

in the penultimate step we used that the first sum is the mean of a

B(n — 1,p) variable, namely (n — 1)p, and that the second sum equals 1.

Hence

Var(X) = np(1 = p) +n°p® — (np)* = np(1 - p).
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Finally,

Mx(s) = E[esx]
_ - LAY _ n—kesk
= ];0 <k>p (1-p)
=3 (1)t ot

O

Definition 4.10. Geometric distribution. If the discrete random vari-
able X models the total number of trials up to and including the first success
in a sequence of independent Bernoulli trials, each with success probability

p, then the probability mass function of X ~ Geom(p) is
P{X =z} =p(1 —p)° !, r=1,2,3,...

The variable Y = X — 1, counting the number of failures before the first
success, satisfies P{Y = k} = p(1—p)* for k = 0,1,2,...; we write Y ~ G(p).
Both conventions are in common use and it pays to keep them apart: in what

follows, Geom(p) counts trials and G(p) counts failures.
Proposition 4.11. If X ~ Geom(p), then

1. E[X] =1/p;

pe
+, for t < —In(1 —p).

3. Mx(t) = m
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Proof. Write ¢ =1—p € (0,1). Then

where interchanging the derivative and the series is legitimate because the
power series converges uniformly on compact subsets of (—1,1).

For the variance we use the factorial moment. First,
Var(X) = E[X?] - E[X]? = E[X(X — 1)] + E[X] — E[X]?,
by linearity of the expectation. To compute E[X (X — 1)], with ¢ =1 — p,

EX(X —1)] = z(z—pg" " =pg ) w(z—1)¢"

z>1 r>2
d2 d2
=paY 5 (@) =pi=5 | D d
r>2 dq dq x>0
O O S N A
“PMag \1=¢) "M\ =97
2 2(1—p)
=pq = :
(1-4¢)? p?
Therefore,
20—p) 1 1 21—p+p—1 1—p
Var(X)= 2 4 - = = =
&0 p? p P2 p? p?



Lastly, for t < —In(1 — p) we have (1 — p)e! < 1 and

Mx(t) = E[e"X] = Zp(l — p)lete
=1

o0

p T
P 1—
T ((1=p)e")
_p  (1-p
1—p 1—(1—p)et
I
11— (1—p)et’

O]

Definition 4.12. Negative binomial distribution. Let » € N and p €
(0,1). Let X be the number of failures accumulated before the r-th success,

in a sequence of independent Bernoulli trials with parameter p. We write

X ~ NB(r,p), and

k—1
P(X = k) = (”k >pr(1—p)k, E=0,1,2,...
With this convention the total number of trials performed is X + r, and the

case r = 1 recovers the failure-counting geometric distribution: NB(1,p) =

G(p).

Remark. The negative binomial distribution can be seen as a generaliza-
tion of the geometric distribution. Consider a random experiment with two
possible outcomes: success, occurring with probability p, and failure, with
probability 1 —p. For instance, rolling a die repeatedly, obtaining a 6 counts
as a success. If we count the failures before the first success, the random
variable follows a geometric distribution with parameter p, denoted G(p),

whose mass function is
P(X = k) =p(1 —p)F

for k € {0,1,2,...}. If we aim for n successes and count the failures before

the n-th success, the random variable follows a negative binomial distribution
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with parameters n and p, denoted NB(n,p). The geometric distribution is
the particular case n = 1, that is, NB(1,p) = G(p). The mass function of
the negative binomial, for k € {0,1,2,...}, is
k+n—1
pec=n = (1T et
This distribution can be generalized to non-integer values of n by replacing

the factorials with the Gamma function.
Proposition 4.13. If X ~ NB(r,p), then

1. E[X] = 12,

2. Var(X) = %;

3. Mx(s)=p"(1—(1—p)e®) ", for s < —In(1 —p).

Proof. For (1) and (2) it suffices to note that if X ~ NB(r,p), then X =
Soi_, Y with Y1,...,Y, independent and Y; ~ G(p); since E[Y;] = (1 —p)/p
and Var(Y;) = (1 —p)/p?, the claim follows from linearity of the expectation
and additivity of the variance over independent summands.

As for the moment generating function, we use the identity

<_yr) _(_1)y<r+z_1>7 y=0,1,2,...

Then

y=0
—p’"yio% <r+z_ 1) (e'(1 - p))”
=p’”§ <_yr> (—e'(1-p)”

If t < —In(1 — p), then |e!(1 — p)| < 1, and the binomial series (1 + z)™" =

> g0 (_yr)xy, valid for |z] < 1, gives

T

p
(1—(1—p)e)"
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5 Lecture 5

Suppose we have N numbered balls: 1,2,..., N. We are going to draw n of
them sequentially. Then

Q={(a1,a2,...,a,) rap=1,...,N, for k=1,...,n}.

Ordered Unordered

With replacement ] = N® Q] = (N;[rﬁIl) _ (N+n—1)

n
Without replacement | |Q| = (N]X!n)! Q| = (N_Lrl)w =™

n

Table 1: Cardinality of 2.

Remark. The only formula that is not immediate is the one for unordered
selections with replacement. To understand it one uses the “stars and bars”
argument: a selection is determined by the multiplicities z1,...,zx > 0 with
>; zi = n, and each multiplicity vector is encoded as a row of n boxes (0J)
(")

and N — 1 separators (e). There are ways to choose the positions

of the boxes among the N 4+ n — 1 available slots.

1 —x

N — TN
with x1,...,xx > 0 such that >, x; = n:

O---Oeld---[He---e1---0

S—— SN——
x] 2 TN
N+n—-1

Along a sequence (a tree),

]P)(Al NByNCyN Dg) = ]P)(Al)IP)(BgyAl)P(CQ‘A1 N BQ)]P(D2|A1 N By N CQ)
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Example 5.1. Birthday problem. In a classroom with n people, what is
the probability that two of them share a birthday? Assuming 365 equally

likely days and independence across people,

365" — 365 - 364 - - - (366 — n) n—1 j
pr— _ 1 _ 1 J '
b 3657 ]Hl 5

For instance,

n\ 922 23 40 64
pn\0.476 0.507 0.891 0.997

5.1 Multinomial distribution

Consider r possible types of outcome in an experiment. We perform the

experiment n consecutive times, independently. Let
X =(Xy1,...,X,),

where X}, is the number of outcomes of type k obtained in the n experiments.
Then
n! - e
P{X =(n1,...,n)} = mlﬁ P
where ny,...,n, > 0 and ), n; = n. Here pj, is the probability of obtaining
n!

an outcome of type k in a single trial, and T

s the multinomial coeffi-

cient, which counts the number of ways in which n trials can be distributed
among 1 outcome categories, correcting for indistinguishable permutations
within each category.

The factorial n! represents all the ways in which n events could be ordered
if they were distinct. However, since we are interested in outcomes with ny
indistinguishable results of type k, we must correct this count by dividing
by nyg! for each k, the number of ways of ordering n; identical events. This
prevents overcounting sequences that are indistinguishable from one another.

The product py* - --pl'* is the joint probability of obtaining one specific
sequence of outcomes, under the assumption that the trials are independent.

Since the multinomial distribution generalizes the binomial distribution to
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more than two categories, this product is the natural extension of the prob-
ability of a sequence of Bernoulli trials.

Indeed, the multinomial coefficient admits the telescoping factorization

n n—n n—mny—-—=Np1) n!
ni n9 Ny ni!---nl’

which corresponds to first choosing the ni trials of type 1, then the no of

type 2 among the remaining ones, and so on. Each specific sequence has

'

probability pi* ---ppr.

Remark. One has

and

n
n _
(a+b)" = <k‘> a" Rk,
k=0
ways to place k letters b and n—k letters a in a row of length n

> (1) - (%)

k(k — 1) <Z> = n(n — 1)2"2,

Exercise 5.2. Prove that

n

k=0

Proof. For the first identity, note that

(1+2)™ = ki”: (?)xk

=0

On the other hand,



Expanding the product, the coefficient of z' is

> (10" -2 ()

This can also be seen combinatorially: split a set of 2n elements into two
blocks of n elements and choose n elements in total. Taking k from the first
block and n — k from the second, for k = 0,...,n, yields Y7, (3)(,",)

selections.

For the second identity,

(1+a)" = Zn: <Z>xk

k=0
n(l4z)" 1 = Zn: k <n> zh1
k
k=1
(n—1Dn(l+z)" 2 = Z k(k—1) <Z> k2
k=2
(n—1n2" 2 =3"k(k - 1) <Z)
k=2
where the last step is obtained by evaluating at = = 1. O
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6 Lecture 6

Vandermonde’s identity. For m,n,t € N,

matmh N (on m+n
> ) -()

k=max{0,t—n}

Interpretation: to choose t elements from a set of m + n split into two blocks
of sizes m and n, choose k from the first and ¢ — k from the second. With the
w, the identity remains valid for m,n € R.

convention (2) =

Proposition 6.1. Markov’s inequality. Let X be a nonnegative r.v. and
€ > 0. Then -
P{X >e} < L
€

Proof. One has

/XdIP’:/ XdP+/ XdIPZe/ dp.
Q {x=>e} {X<e} {X>e}
——

=P{X >}

Corollary 6.2. Chebyshev’s inequality. One has

X
P(X — E[x]| > ) < 20
It suffices to apply Markov’s inequality to the nonnegative r.v. (X — E[X])?
at level €2, noting that E[(X — E[X])?] = Var(X) and that {|X — E[X]| >

e} = {(X —E[X])? > ¢*}.

Example 6.3. Let X,..., X, beindependent r.v.’s with distribution Be(p).
Then S, = >, X; ~ B(n,p) and

(Sn) _ p(L—p)

P(‘&L—p‘25>zp |Spn— np | >ne SVar
n —

This is the weak law of large numbers for the Bernoulli scheme.
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Weierstrass approximation theorem (via Bernstein polynomials).

Let f:[0,1] — R be continuous. For each n € Z set

B, :[0,1] R,  Ba(p) = kZ:f <fL> <Z>p’“(1 —p)"

We claim that B, — f uniformly on [0,1]. Since f is continuous on the
compact set [0, 1], there exists M > 0 with |f(z)| < M for all z € [0, 1], and

f is uniformly continuous. Since EZ:O (Z)pk(l — p)"‘k =1,

zn: [f(p) —f (fl)} (Z)pk(l -p)" .

k=0

|f(p) — Bu(p)| =

Fix ¢ > 0. By uniform continuity there is § > 0 such that, for all z,y € [0, 1],

[z -yl <d = |f(z) = f(Y)l <e.

Write A={k € {0,...,n}:|p—k/n| <d}. Then

flp)—f (i)' <Z>p’“(1 —p)"F

+ > |fp) - f (i)' (Z)pk(l —p)" "

keAc

<e) (Z)p’“(l —p)" oM Yy <Z>p’“(1 —p)"*

keAe

[f(p) = Ba(p)| <>
keA

where S,, ~ B(n,p), the penultimate step uses Chebyshev’s inequality (pre-
vious example) and the last one uses p(1 — p) < 1/4. Since the bound does

not depend on p and € > 0 was arbitrary, B, — f uniformly on [0, 1].
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6.1 (Absolutely) continuous random vectors

Let X :  — R"™ be a random vector. We say that X is an absolutely
continuous random vector when there exists a function f : R™ — [0, 00) such

that
al as an
]P’{Xga}—/ dxl/ dwg---/ dzy, f(x1, ..., 20), vV aeR"

Remark. The function f is called the density function of the random vector
X.

Px(A) = P{X € A} = /Af(a;) de, VY AecBRY.

Notation. We write

M = f)dr, ) =K,

and say that f is the Radon—Nikodym derivative of Px with respect to

Lebesgue measure dzx.

Remark. One has
f(x)dx = 1.
R?’L

Let X : Q — R be an absolutely continuous r.v. with density f. When
the integral [, |#|f(z) dx is finite, we say that X is integrable and define

IE[X}:/Rxf(@d:U.

Proposition 6.4. If X : Q@ — R is a continuous r.v. with density f and
g : R — R is Borel measurable with [ |g(z)|f(z) dz < oo, then

6.2 Classical (absolutely) continuous distributions

_(t=w?

1. Normal distribution: X ~ N (u,0?), f(t) = 2—e™ 22 |, E[X] = p,

0252

Var(X) = 02 and M(s) = /st 72,
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2. Uniform distribution: X ~ U(]a, b)),

A ift € [a,b],
fey=9"" !
0,

otherwise,

a b—a)? esb_esa
E[X] = %, Var(X) = U35, M(s) = <572

3. Exponential distribution: X ~ exp(\),

Xe M ift >0,
f(t) =
0, if t <0,

E[X] = 3, Var(X) = )\% and M(s) = ﬁ for s < .

>l

6.3 Almost sure occurrence

Fix a probability space (2,.%,P) and consider a property &?(w) that each
w € Q may or may not satisfy. We say that & holds almost surely (a.s.)
when there exists A € .# such that Z?(w) holds for every w € A and P(A°) =
0 (equivalently, P(A) = 1).

Example 6.5. Let X,Y : 2 — R be random variables. We say that X > Y
a.s. if there exists A € .# with P(A) = 1 such that X (w) > Y (w) for all
w € A. Note that

{weN: X(w) >Y(w)}=(X-Y)0,0)) € £.
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7 Lecture 7

7.1

Distribution function

Let X : Q — R” be a random vector. The distribution function of X is the
function F': R®™ — R given by

FX(G) = IP{X < a} = PX((_OO7C"])’

where {X <a} ={weQ: X(w) <a}.

Proposition 7.1. Let X be a random variable. Then

1

2

3

4

0< Fx(t) <1forallteR;
Fx is non-decreasing; in particular, left-hand limits of F'x exist;

Fx is right-continuous;

cimyy oo Fix(t) = 0 and limy_,o Fix (t) = 1.

Proof. Item by item:

1.

2.

3.

By definition, since P(A) € [0, 1] for every A.

If s < t, then
Fx(s) = Px((=00,5]) < Px((—00,t]) = Fx(t).
Fix a € R. We want to show that lim; ,,+ Fx(t) = Fx(a). It suffices to

show that if ¢,, | a (¢, decreasing with ¢,, > a), then lim,_,~ Fx(t,) =
Fx(a). We have

Fx(a) = PX((—oo, a])

Put A, = (—o0,t,]. Then A = (—00,a] = [,y An and, since A, 41 C
Ay, we have A, | A. As lim,, Px(A,) = Px(A), the claim follows. It
is worth asking why the “left-hand” argument fails: if we take ¢, T a
and A, = (—00,t,], then |J,cy An = (—00,a) # A.
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4. We have lim;_,_, Fx(t) = 0 if and only if lim,, Fx(¢,) = 0 for every se-
quence t, — —oo. We may assume t,, decreasing; with B,, = (—00, t;]
we get By, | (,en Bn = 0, so lim, Px(B,) = Px(0) = 0. The argu-
ment for lim;_, F'x(t) = 1 is analogous, using increasing sets whose

union is R.

O

Remark. The law of the random vector X determines Fx. Moreover, F'x

characterizes the law Px of X.

Remark. If the random vectors X,Y : 2 — R"” have the same distribution

function, then they have the same distribution (law).

{Distributions on (R", #(R"))} <— {Distribution functions on R"}.

probability measures with the properties above

7.2 Independence of events

Fix a probability space (2, #,P) and let Ay, A € A, be events. We say that

the events are independent when
n n
P (ﬂ A>\k> = HP(AAk)v
k=1 k=1
for every n € Z, and all pairwise distinct A1,..., A, € A.

Example 7.2. Let A, B € .#. Then A and B are independent if and only
if P(AN B) =P(A)P(B).

Example 7.3. Let A, B,C € .%. Then A, B and C are independent if and
only if

1. P(AN B) = P(A)P(B);
2. P(ANC) =P(A)P(C);

3. P(BNC) = P(B)P(C);
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4. P(ANBNC) =PA)P(B)P(C).
Note that the first three conditions alone (pairwise independence) do not
imply the fourth.
7.3 Limit superior and limit inferior of a sequence of sets

Let Ay, Ao, A3, ... be a sequence of sets. We define

limsup A4,, = ﬁ G A and liminf A, = Ej ﬁ Ap.

n=1k=n n=1k=n
1. If w € limsup A, then w € |J;,, Ak for every n € N. Hence w € A,

for infinitely many k.

2. f w € liminf A,,, then w € (;>,, Ay for some m € N; that is, w € A;

for every j > m. Hence w ¢ Ay for at most finitely many indices k.
Proposition 7.4. One has
1. liminf A,, C limsup A,;
2. if B, = Uan Ay, then B, | limsup A,;
3. if C), = nan Ay, then C,, T liminf A,,;
4. limsup 4,, = {w € 2 : w belongs to infinitely many Ay };
5. liminf A, = {w € Q: w ¢ Aj, for at most finitely many k}.

Definition 7.5. We say that the sequence A, is convergent if liminf A, =

limsup A,,.

Example 7.6. Let 2 =R and A4, = (—%, n] Then

limsup 4,, = [0, 00).

Indeed, Uy, Ax = (—1/n,00) and the intersection over n is [0, 00). More-
over, (>, Ar = [0,7], so that

liminf A,, = [0, c0).
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That is,

liminf A,, = limsup A,.

Representacion grafica de los intervalos (-1/n, n]

Intervalos
— A
—_— A
— A

— Ay

Figure 1: The intervals A,.

Example 7.7. Let Q2 =R and

[0,n), if n is odd,
A, =

(—n,0), if n is even.

Then limsup A, = R and liminf A, = 0.

45



Representacién gréafica de los intervalos A,
Intervalos

— A
— A
— A
—A
— As
—Ag

Figure 2: The intervals A, of the second example.
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8 Lecture 8

Lemma 8.1. First Borel-Cantelli lemma. Let A1, Ay, ... be a sequence
of events with ) P(A,) < co. Then

P (limsup A4,) = 0.

Proof. By definition,

oo o0

P (limsup A,) =P | () |J 4k | = limP(B,),

n=1k=n

—B,

since B, | limsup 4,. Now

oo oo
ogpwm:P<LL%>g§:mAm;zjm
k=n k=n
as this is the tail of a convergent series. Hence
P (limsup 4,) = 0.
O

Lemma 8.2. Second Borel-Cantelli lemma. Let Aq, As,... be a se-

quence of independent events with ) P(A,) = co. Then
P (limsup 4,) = 1.

Proof. Let B, = Ukzn Ay, so that B, | limsup A,, and P(limsup 4,) =
lim,, P(B,,). We shall prove that P(B,,) = 1 for every n > 1, which amounts
to proving that P(BS) = 0 for every n > 1. By definition,

P@ﬁ:P(ﬁAa.
k=n

Set

k=n k=n
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Then, by continuity of the measure and by Exercise 8.3,

P(B¢) = lim P(Dy,) = lim ﬁP(A;)

m—ro0 m—ro0
m
= lim | [[1—P(Ag)]
k=n

= [10 - Peay)].
k=n

Since )y, P(A) = oo for every n, Lemma 8.4 gives [[;2 [1 — P(A)] = 0.
Hence P(B,,) =1 for every n, and

P (limsup 4,) = limP(B,) = 1.
O

Exercise 8.3. Prove that if the events Ay, A € A, are independent, then so
are the events A, A € A.

Lemma 8.4. Let z;, € [0,1], k =1,2,.... If > 72| o) = oo, then [[72,(1 —
xk) =0.

Proof. On the one hand, > 77, x) is well defined because x; > 0. On the

other hand, the sequence

m

Tm = H(l — xp)

k=1
is decreasing and bounded below by 0, hence it has a limit. Now, for every
teR,
el >t+1,

so that
e >1—x,>0
and
m m
H Tk H 1 — .%'k
k=1 k=1

~——
—e Z;cnzl Tk



Since

lim e~ Zk=1% = (),
m—0o0

the conclusion follows. O

Lemma 8.5. Let z, € [0,1), k=1,2,.... If [[72,(1 — 2) = 0, then

o0
E T = OQ.
k=1

Combining with the previous lemma: for z) € [0, 1) one has [[;~,(1—z%) =0
if and only if } ;5 2 = oo,
8.1 Independence of g-algebras

Let (2,.%,P) be a probability space and %), A\ € A, a family of o-algebras

on 2 contained in .%.

Definition 8.6. We say that the o-algebras %), A € A, are independent

when
n n
P <ﬂ Ak> =[] P(4w),
k=1 k=1
for
e cvery n € Z4 and all pairwise distinct Aq,..., A, € A,
e all A; € 9)\1,...,14” S ﬁ)\n.

Remark. Note that:

1. If the o-algebras .#), A € A, are independent and Ay, € %, for every
A € A, then the events Ay, A € A, are independent.

2. If the o-algebras %), A € A, are independent and J C A, then the
o-algebras #\, A € J, are independent.

3. If the o-algebras %), A € A, are independent and, for each A € A,
@\ C F) is a o-algebra on (), then the o-algebras ¢, are independent.
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Definition 8.7. Let 2 be a nonempty set and 4 a nonempty family of
subsets of 2. We say that € is a m-system on {2 when

ANBe% forall A,Be®.

Remark. If € is a w-system on ), then
(1A €% forallneZy and all Ay,..., A, €.
k=1

Theorem 8.8. Let (2,.%,P) be a probability space and let €y, A € A, be

m-systems on 2 such that

P (ﬂ Ak) = [ P4p),
k=1 k=1

for every n € Z., all pairwise distinct Ay,..., A, € A and all A; € €),. Then
the o-algebras o (%)), A € A, are independent.

Corollary 8.9. Let %), A € A, be independent o-algebras and let I, j € J,

be pairwise disjoint subsets of A. Then the o-algebras
o U Z. Al jE J,
)\EI]'

are independent.

Proof. For each j € J, set

ng:{mAk ne’ly, Al,...,AnEIj, AZ'EE)\Z.}.
k=1

If A,B € €}, then A = (;_, Ay and B = (%, B;, with A, € %), and
B; € #,,, where A\, ju; € I;. Then

AmB:ﬁAwﬁﬁ&e%,
k=1 =1
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so ¢ is a m-system for every j € J. If m € N, jq,..., j, are pairwise distinct

and Ay € €},,...,An € Cj,,, write
ni
Ay = (A4 N, \j Moen,Ales AN e F
1 15 ny € N, IERREE) an 1, 16 )\%,..., 1 S )\'}'Ll

i=1

mo

Nm

. . -

A, = ﬂAl N € NJAT L A € Iy Ay, € P, Al € T
=1

Then

P (ﬁ Ak> =P N 4= I P4
k=1

1<k<m, 1<i<ny 1<k<m, 1<i<ny
m Nk ) m Nk . m

= [I1IP@n =11IP (ﬂ A;) =[] P(Aw).
k=1i=1 k=1 i=1 k=1

By the previous theorem, the o-algebras o(%;) are independent. Set ¢; =
User, #»- Since &5 C 6 C o(¥;) (the first inclusion by taking n = 1, the
second because € consists of finite intersections of elements of %), it follows
that

o) =o@) =0 | J A |,
)\EIJ‘

which is what we wanted. O
Exercise 8.10. Let %1, %5,... be independent o-algebras. Then

l. o <Uk21 ﬁ2k> and o <Uk20 ygk_i_l) are independent.

2. F, 0(FoUZFs), o(Fy U F5U F), ...are independent.

3. If Ay € 71, Ay € %5 and Az € %3, then A; U Ay and As are indepen-
dent. Indeed, A; U Ag € o(F1 U .%2).
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8.2 o-algebras generated by random vectors

Let (Q,.%#,P) be a probability space. If X : Q@ — R" is a random vector, the
o-algebra generated by X is defined by

o(X)={X"YB): BecBR")}.

already a o-algebra

If X):Q — R™, X\ € A, are random vectors, the o-algebra generated by
{X : A € A} is defined by

c{Xr:AeA) =0 ({X,'(B): A€ A, Be BR™)}).

8.3 Independence of random vectors

Let (Q2,.%7,P) be a probability space and X :  — R™ X\ € A, random
vectors. We say that the X, A € A, are independent when the o-algebras
(X)), A € A, are independent.

Remark. Let X : Q@ — R™* X € A, be random vectors. The following are

equivalent:
a) Xy, A € A, are independent random vectors.
b) For every n € Z,, all pairwise distinct Ay,..., A\, € A and all By €

BR™1),..., B, € BR™n),

n
P(Xy, € Bi,..., Xy, € By) H (X», € By).

c¢) For every n € Z, all pairwise distinct A,..., A\, € A and all a3 €
R™, ... an € R™An,

]P’(X)\l S ai, ... ,X)\n S an) = :l_[]P)()(>\,C S ak).
k=1

Proposition 8.11. If the random vectors X, A € A, are independent and
By € #(R™*) for each A € A, then the events

{XA€By\), AeA,

are independent.
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Proposition 8.12. If the random vectors X, A € A, are independent and
J C A, then the random vectors Xy, A € J, are independent.

Proposition 8.13. If the random vectors X, A € A, are independent and
the functions f) : R™ — R are Borel measurable, then the random variables

(X)), A € A, are independent. This is because

o(fao Xy) Ca(Xn).
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9 Lecture 9

If the random variables
Xfl),Xél), oo x (M
X§2),X§2)7 . x®

X{k),Xék), oo x (k)
are independent and the functions f; : R™ — R™J are Borel measurable,
then the random vectors

9= FX7 X))
are independent. Indeed,
() — (x ) (4)
XY = (X; 7...,Xn]j)
g = f;(X)
o(g;) € (X)) =0 (X[, X))
_ %)) ©))
=o({X; ,...,anj 1.
We know that the o-algebras
o({x,.. XD, j=1,...k
are independent, whence
= 0(gj), j=1,...,k, are independent
= gj, j = 1,...,k, are independent.
Example 9.1. Suppose that
XY, Z,UV,W,R, ST

are independent random variables. Then the random vectors
uv
EENTEEY
are independent, since they are measurable functions of disjoint blocks of

X+Y4+S+T, (22,62,

the original variables.
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9.1 Integration

Let (2,.%, 1) be a measure space, that is,

w:F — [0, 00]
n() =0
Ay, Ay, € F
AiNAj=0 Vi#j: M(U Ak) = pu(Ag).
keN k=1

Definition 9.2. A function f : Q — R is measurable if f~1(B) € .F for
every B € Ag.

Definition 9.3. We say that a measurable function f is simple when f takes

finitely many values; that is, when
fQ) ={f(w): we}
is a finite set.

Definition 9.4. We say that f is a nonnegative function when f(w) > 0 for
every w € .

Let f: Q) — R be measurable, simple and nonnegative. Then
Q) =A{z1,..., 2.},
and setting Ay = f~1({x1}),
n
Q= |+ Ag, Ay, ..., A, pairwise disjoint,
with

r1, ifw e Aq,

x9, iwaAQ,

Tn, fweA,.
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Hence n
f= Z Tla,.
k=1
We define® .
/ Fdu=">" zpu(Ap).
Q k=1
Remark. We adopt the usual measure-theoretic conventions:

a-00=o00 ifa>0,

a-c0o=0 ifa=0.

Proposition 9.5. Let y1,...,ym > 0 and let By,..., By, € .% be pairwise
disjoint with [4; B; = €2, and set

m
9= Zylej'
j=1

Then ¢ is measurable (a linear combination of measurable functions), simple

(it takes at most m values) and nonnegative (y; > 0), and

/ gdu="y_yju(B)).
Q =

Moreover, the formula holds even if the B; are not disjoint: the value of the

integral does not depend on the chosen representation of g.

5The definition mirrors the interpretation of the integral as a weighted average:

b n
b ' a / f(x)de = ﬁ ST @)t — teen),
“ k=1

weighted average

where the weights add up to one:
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Let f:Q — R be a nonnegative measurable function, where

R=RU{—00,00}
BR)={A=BUC: Be BR) N CC{—00,00}}.

Definition 9.6. We define

/ fdp=sup {/ gdu : g measurable, simple, nonnegative, and g < f} .
Q Q

Notation. We extend the supremum to R: given A C R,

the usual supremum if A # () and A is bounded above,
sup A= ¢ 400 if A # () and A is not bounded above,
—00 if A=0.

Proposition 9.7. Let f : Q& — R be a nonnegative measurable function.

For each n > 1, set

n2"—1 k
fn(w) = Z 271f,1([2%’%))(w) —i—nlfﬂ([n,m})(w).
k=0
Then f, 1 f, that is,
filw) < folw) < -+ VweQ,

flw) VYwel.

limy, 00 fr(w)
Proposition 9.8. Let f,g: Q — R be nonnegative measurable functions.
1. If &« > 0, then af is nonnegative measurable and [afdu = a [ fdp.
2. f + g is nonnegative measurable and [(f + g)dp = [ fdu+ [ gdp.
3. If f < g, then [ fdu < [gdu.

Lemma 9.9. For f and g measurable, simple and nonnegative, [(f+g) du =
[ fdu+ [gdu.
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Proof. Write
T S
fZE:%l&, 9=§:w1@,
i=1 j=1

where {4;}_; and {B;};_; are measurable partitions of (2. The sets 4;N B;
form a common refinement: they are pairwise disjoint and their union is 2.

On A; N B; the function f + g is constant, equal to x; + y;, so that

/ (f+ g dn =3 (i + y)u(Ai N B))

i=1 j=1

=> @Yy AN B)+> vy > pu(AinBy)
=1 j=1 =1 =1

=> @A)+ Y _y;u(B;) = /fd,u, + /gdu,
=1 j=1

using the finite additivity of pu. O

Proof. Ttem (3) is immediate from the definition of the integral as a supre-
mum, since every nonnegative simple function h < f also satisfies h < g.
Item (1) follows in the same way, noting that h — «h is a bijection between
the nonnegative simple functions dominated by f and those dominated by
af (for o > 0; the case a = 0 is trivial).

For (2): there exist sequences (f,) and (gy) of nonnegative measurable

simple functions with f, T f and ¢, T g. By Lemma 9.9,

/(fn+gn)dﬂz/fndﬂ+/gndﬂ, n>1.

Since fr, T f, gn T g and f, + gn T f + g, Theorem 9.10 lets us pass to the
limit on both sides and conclude that [(f +g¢)du= [ fdp+ [gdu. O

Theorem 9.10. Monotone convergence theorem (MCT). Let f, f1, fa, . ..

be nonnegative measurable functions. If f,, T f, then [ f,dp — [ fdp.
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10 Lecture 10

Lemma 10.1. Fatou’s lemma. Let (Q2,.#,u) be a measure space and

f1, fa,- - : = R nonnegative measurable functions. Then
/lirr%inf fndu < lin%inf/fn du.
Remark. Set x, = [q, fndp € [0,00]. Then
liminf z,, = ilgl) inf{zy:k>n}= nh_}r{)lo inf{z : k > n},
so the liminf of the integrals is well defined. On the other hand,
h(w) = limninf fn(w) €0, 0]
is a well-defined measurable function.

Exercise 10.2. Let f : Q2 — R be a nonnegative measurable function. Show
that

/fduzO = f=0as.
Q
Example 10.3. On the measure space (R, Zr,m), let f, = 1j,, n41).- Then
lim f, = 0,
n
but
lim/fn:hmlzl#O:/limfn.

n n n
Example 10.4. Now take ([0, 1], %o 1}, m) and f,, = nl(g1/ny, 7 > 1. Then

lim f,(x) =0 pointwise on [0, 1],

n

but

lim fndx :17&0:/ 0dzx.
n [0,1] [0,1]

=nm((0,1/n))=1

Both examples show that the inequality in Fatou’s lemma may be strict.
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Theorem 10.5. Fix (Q,.%, ) and let f : Q — R be a nonnegative measur-

able function. Then

a) the function v : .# — [0, 00| given by
v(A) = / f-ladu
Q
is a measure on (2,.%);

b) if g : @ — R is a nonnegative measurable function, then

/divz/gg'fdu-

a) Clearly v(0) = [, f-1pdu = 0. If Ay, Ay, --- € F are pairwise disjoint
and A = |4, Ay, then the partial sums f - 1y,.. 4

Proof. Ttem by item:

. increase to f - 14,

so by the MCT and finite additivity of the integral,

U(A):/QflAd'u:h%n;/ﬂflAkd“:kZZIV(Ak)'

Hence v is a measure.

b) Suppose first that g is simple and nonnegative: g = >}, x314,. Then

/ gdv="> wpv(Ay) = ka/ fla, dp = / £ apla, dp.
Q k=1 k=1 Q Q k=1

Now suppose g is nonnegative. There is a sequence g, T g of nonnega-

tive simple functions, and

/gndl/:/gnfd:u'
Q Q

Since g, T g and g, f 1 gf, the monotone convergence theorem gives

/divz/ggfdﬂ'
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Theorem 10.6. Change of variables. Let (Q;,.%1) and (Q2, .%2) be mea-
surable spaces, f : Q; — 9y a measurable function and g : Q2 — R a

nonnegative measurable function.

a) If p is a measure on (Qy,.%), then the function v = puf~!: % —
[0,00], A+ pu(f~1(A)), is a measure on (s, . Fo).

) Jo,9dv = [ go fdpu.
Proof. Item by item:

a) v(0) = p(f~1(0)) = u(®) = 0, and if the Ay € . are pairwise disjoint,
so are their preimages f~1(Ay), with f~1(l4, Ax) = b, f~1(Ax); the
o-additivity of v follows from that of p.

b) Suppose g =Y ;_; zx1la,. Then

/Q gdv="> apv(Ay) = ZCEW Ayp))
2

k=1

and

gof zpu(f (Ag))
| et z

=> k=1 l”klf—l(Ak)
Now suppose ¢ is nonnegative. There exists a sequence (g,) of non-

negative measurable simple functions with g, T g, and

/gndv:/ gn o fdu, n>1.
QZ Ql

By the MCT, [, gndv — [o, gdv and [ gno fdu — [ go fdu.

Hence
/ gdy:/ go fdu.
Qo (951
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10.1 Integration of measurable functions

Let f: Q — R be a measurable function. We define the positive part and
the negative part of f,

fr:Q-R, fF:Q-=R,

by
w), if f(w) >0,
frg = [ 11
0, if f(w) <0,
and
0, if f(w 0,
Fw) = =

—fw), if f(w) <0.
Remark. The functions ¢ : R — R and v : R — R given by

x, ifx>0, 0, if x>0,
olr)=2" = and ¢Y(z) =2~ =
0, ifz<0, —z, ifx <0,

are measurable, and fT = o f, f~ = o f. In particular, f* and f~ are

nonnegative measurable functions.

Remark. One has * = 27 — 2~ and |z| = 2t + 2~ for every x € R. In
particular, f = f* — f~ and |f| = fT+ f~.
When at least one of the integrals [ fT, [ f~ is finite, we say that the

integral of f with respect to p is well defined, with value

/Qfdu=/gf+du—/ﬂf_du-

When both [ f* and [ f~ are finite, we say that f is p-integrable.

Proposition 10.7. Let f: Q2 — R be a measurable function. Then
f is integrable <= / |f|dp < 0.
Q

Proposition 10.8. Let f and g be integrable measurable functions.
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1. If ¢ € R, then c¢f is integrable and

/cfdu:c/fd,u.

2. f+gis integrable and [(f +g)du = [ fdu+ [gdp.
3. 1If f < g, then [ fdu < [gdu. In particular, | [ fdu| < [|f|dp.

4. If Aq,..., A, € F are pairwise disjoint, then

/Uz_lAkfdM:Z fdp.

k=1" Ak

5. The same holds for a countably infinite family:

Jdp = /fdu.
/Uio=1Ak kzl Ak

6. If A1, As,--- € .F and either A, | Aor A, T A, then

liy/Anfdu:/Afdu.

Remark. To prove Proposition 10.8 we use:
e forc>0: (c¢f)t =cft and (¢f)” =cf;
o for c < 0: (¢f)t = —cf™ and (cf)” = —cf™T;
e (f+9F<fT+gtand (f+9)” <[ +9g7;
o if f<g,then ffT <gTand g™ < f~.
Exercise 10.9. Let f,g: Q — R be measurable functions. Show that
1. if f =0 a.s., then [ fdu = 0;

2. if f is integrable and g = f a.s., then g is integrable and [ fdu =
Jgdn.
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Theorem 10.10. Let f,g, fi, fo, -+ : = R be measurable functions such
that

1. lim, f,, = f (it suffices that this hold a.s.);
2. |ful < g for every n > 1 (it suffices that this hold a.s.);
3. g is integrable.

Then f is integrable and lim,, [ f,dp = [ fdp. This is the dominated

convergence theorem (DCT).
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11 Lecture 11

Corollary 11.1. Let fi, f,---: Q — R be measurable functions such that

| fel dp < o0
> /v

Then f = > 72 fi is defined a.s. (the series Y~ fr(w) converges absolutely

for almost every w), is finite almost surely and integrable, and

/fdu=g/fkdu-

Proof. This follows from the dominated convergence theorem. By the MCT,

kaZl | fx| dp = Zkzl J | fx] dp < o0, so that g := Zkzl | fx| is integrable
and, in particular, finite a.s.; hence the series ), fi(w) converges absolutely

for almost every w. Consider the partial sums

N
Sn=>_ fi
k=1

Then |Sy| < S0, | fx] < g, which is integrable. Therefore

li]{fn/SNdu:/li]{fnSNdu,

which gives

[e.e] o
S [feau=tim [sdu =[S s
k=1 ~—— k=1
:Z]kv:1ffkdlt
[

Corollary 11.2. Bounded convergence theorem. Let (Q,.%, ) be a
finite measure space, f, f1, f2,--- : @ — R measurable functions and M > 0

a constant such that

1. |ful < M as. for every n > 1;

65



2. fn— f as.

Then

/fnd,u—>/fdu.

Proof. A consequence of the DCT with g = M, since [, |g|dp = Mp(Q) <
00. O

Theorem 11.3. Change of measure. Let (2,.7, ) be a measure space,
f : Q@ — R a nonnegative measurable function, dv = fdu, and g : 9 — R

measurable. Then
a) g is v-integrable <= g¢f is p-integrable;
b) if g is v-integrable, then [, gdv = [, gf dp.

Theorem 11.4. Change of variables. Let (Q;,.%#1) and (Q2,.%2) be mea-
surable spaces, p a measure on (21, .%1), f : Q1 — g measurable, v = uft,
and ¢ : Q9 — R measurable. Then

1. g is v-integrable <= go f is u-integrable;

2. if g is v-integrable, then [, gdv = [, go fdu.

11.1 Outer measure

Let © be a nonempty set. An outer measure on ) is a function p* : 2% —
[0, oo] such that

L p*(0) =0;
2. if AC B CQ, then p*(A) < p*(B);
3. if Ay, Ag, -+ C Q, then p* (Uge; Ak) < D pey 1 (Ag).

Theorem 11.5. Let ¢ be a family of subsets of 2 and p : ¢ — [0, oo] such
that

1. ) € %;
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2. p(®) =0.
Then the function u* : 2% — [0, oc] defined by

pi(A) =inf{> pu(Cr): C1,Co- €€ A | JCrD A

k>1 k>1

is an outer measure on ).

Theorem 11.6. Let © be a nonempty set and p* : 2% — [0, 00] an outer

measure on ). We say that F C Q is g*-measurable when
pw(A)=pu* (ANE)+ pu (AN E°), vV ACK.
Then
1. M, ={E C Q: Eis p*-measurable} is a o-algebra on §2;
2. o= 'u*le : M — [0,00] is a measure on (€2, M« ).
Theorem 11.7. Carathéodory extension theorem. Suppose that

1. € is a semialgebra on ; that is, 0,Q € ¥; if A;, Ay € €, then
A1 NAy € €; and if A € ¥, then Q — A is a finite union of pairwise

disjoint elements of %’;

3. if Ay, Ay, -+ € € are pairwise disjoint and A = |Jjo; Ax € €, then
u(A) =352 1(Ag)-

Then
a) T is a complete measure on (€2, M« );

b) 7 extends p: € C My and fi(A) = p(A) for every A € €.
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11.2 Product measure

Let (21,.Z1, u1) and (Q2, %2, 1u2) be measure spaces. Write 2 = Q1 x Qg =
{(-’L’,y) S Ql? (/S QZ}a

R={AxB: A€ .F, Bec %},
po: R — (0,00, Ax B p(A)pa(B),
and . = .71 ® %3 = 0(R). One has
1. R is a semialgebra on €2;
2. po(0) = pa (D) p2(0) = 0;
3. po is o-additive on R,

so the Carathéodory extension theorem applies and yields a measure on
(Q,.F) extending pp; it is unique if p; and pe are o-finite. The measure
p = p1 X pg is called the product measure of g and pe, and (€2, %, u) is the
product measure space of (Q1,.%1, u1) and (Qa, Fo, p2).

11.3 Tonelli’s theorem

Let (Q1,.%1,u1) and (Qo, %2, u2) be o-finite measure spaces® and let f :

Q1 x Q9 — R be a nonnegative .| ® Fo-measurable function. Then:

1. For each z € Qq, the function f, : Q2 — R, y — f(z,y), is Fo-

measurable and nonnegative.
2. The function ¢ : Q; = R, z — sz f(z,y) dua(y), is F1-measurable.

3. For each y € o, the function fY : Q1 — R, 2 — f(z,y), is Fi-

measurable and nonnegative.

4. The function ¢ : Qs — R, y le fY(x) dpi(x), is Fa-measurable.

SThat is, p; is a measure on €; and there exist {Ai}kzl C %; with ,ui(Afc) < oo for
every k and >, A} = Q.
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5. Finally,

/QlXQQf(m,y) d(p1 x pe)(z,y) =/ o(x) dp (z) :/ b(y) dus(y).

91 Qs
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12

Lecture 12

Theorem 12.1. Fubini’s theorem. Let (Q1, %1, u1) and (Qg, %2, u2) be
o-finite measure spaces and let f : Q; X Q9 — R be an integrable #; ® F»-

measurable function. Then:

1.

7.

For each x € €, the function f, : Q2 — R, y — f(z,y), is Fo-

measurable.
fz is po-integrable for ui-a.e. x.

The function ¢ : Q; — R, = fQ2 fz(y) dua(y), defined pq-a.e., is

Z1-measurable and p1-integrable.

For each y € €, the function f¥ : Q1 — R, z — f(z,y), is F1-

measurable.
fY is pp-integrable for ps-a.e. y.

The function ¢ : Q2 = R, y = [, f(z,y)dui(z), defined ps-a.e., is

Fo-measurable and po-integrable.

le x Qs f($7y) d(:ul X NQ le dul fQ d,U/Q )

Remark. Recall that f is integrable if and only if [|f]du < oo. Hence,

to decide whether Fubini’s theorem applies, one usually applies Tonelli’s
theorem to |f| first.

Remark. If (1, %1, p1) and (Qa, Fa, u2) are probability spaces, then (2 x

Qo, F1 @ Fa, 1 X ug) is a probability space as well.

Remark. If E € %1 ® %5, then

(i1 % p2)(B) = inf { 3" i (A)ua(By) : Ay € F1, By € P,
k>1

ECUAk X Bk}
k

Remark. Both Tonelli’s and Fubini’s theorems generalize to finitely many

measure spaces, not just two.
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Example 12.2. Let Q; = Q9 = [0,1], %1 = F2 = A[0,1] and let D =
{(z,y) € [0,1] x [0,1] : & = y} be the diagonal. We compute (p; X p2)(D)

in the following cases:

a) p1 and pg are both the counting measure;

b) w1 and pg are both the Lebesgue measure;

c¢) p1 is the Lebesgue measure and po is the counting measure.
One has:

a) If 21, 29,... are distinct points of D, then (u1 x p2)(D) > >0 (11 x
u2)({zr}) = n for every n, since each point has product measure 1.

Hence (p1 X p2)(D) = oc.

b) Covering D with the n squares [E=1, K12 k& = 1,... n, gives (3 x

n 'n

p2)(D) < >0, # = L for every n. Hence (y1 x pi2)(D) = 0.

c¢) We claim that (1 x u2)(D) = oco. Write p = p; (Lebesgue) and
v = py (counting). It suffices to show that if D C (J, Ay x By with
Ay, B € $[0,1], then > 77| p(Ag)v(By) = .

Indeed, in case (c) the set D is covered by the Ay x By, k € N. Let M C N
be the set of indices with j(Ay) = 0, and let S = (Jcps Ak then p(S) =0,
and therefore [0, 1]\ S is uncountable. The set F' = {(z,z) : z € [0,1]\ S} is
contained in D and covered by the sets Ay x By, with k € N\ M. Hence, for
each x € [0,1]\ S there is k € N\ M with (z,x) € A X By, and, in particular,
z € By. Thus [0,1]\ S C Uygps Be- Since [0,1] \ S is uncountable, at least
one By, is uncountable, and then v(By,) = co. But ko ¢ M, so pu(Ag,) >0
and therefore p(Ag,)v(By,) = co. Hence

> u(Ap)v(By) = oo,
p

as claimed. Note that (b) and (¢) show that the o-finiteness hypothesis in

Tonelli’s and Fubini’s theorems is not superfluous.
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12.1 Radon—Nikodym

Let p and v be measures on the measurable space (§2,.%). We say that v is

absolutely continuous with respect to p when
v(A) =0 forevery A €. with u(A) =0.
We denote this by v < u, and we also say that p dominates v.

Definition 12.3. We say that p and v are equivalent when v < p and
u<Lv.

Example 12.4. Let v and m be, respectively, the counting and the Lebesgue

measures on (R, Zr). Then
m <L v, v & m.

Indeed, if v(A4) = 0, then A = 0 and m(@) = 0. On the other hand,
{0} € B(R) satisfies m({0}) = 0 but v({0}) =1 #0.

Remark. If (Q,.7) is a measurable space, u a measure on (Q,.%), f: Q — R

a nonnegative measurable function and dv = f du, then v < p.

Proof. If A € .7 and p(A) =0, then

V(A):/Afd,u:/gflAduzo.
O

Remark. Does there exist a nonnegative measurable f : R — R with dm =

fdv? No. Suppose such an f existed. Then
0 = m({a}) = /{ = J@v{a) = J@),  VacR
and therefore
1 =m([0,1]) = fdl/:/ 0dv =0,
[0,1] [0,1]
which is absurd.
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Theorem 12.5. Radon—Nikodym theorem. Let p and v be o-finite

measures on the measurable space (92, %) with v < p. Then

1. there exists a nonnegative measurable f : Q@ — R with dv = fdpu,

written f = d—z;

2. f is unique p-a.e.: if g is another function with the same property,
then g = f p-a.e.
12.2 Expectation of a random variable

Let (Q2,.%,P) be a probability space and X : Q — R a random variable. The

mean, or expectation, of X is defined by

E[X] = /QX dp.

Proposition 12.6. Let X : Q2 — R"™ be a random vector and g : R® - R a

Borel measurable function. Then

Elg(X)] = / g(x) dPy (z).

n

Definition 12.7. Let (Q,.%1,P!) and (22, .%5,P?) be probability spaces,
and X : Q7 — R™ Y : Qs — R" random vectors. We say that X and Y are
identically distributed when ]P%( = IP’%,. We denote this by X ~ Y.

Proposition 12.8. If X ~ Y, then:
1. if g : R™ — R is Borel measurable, then g(X) ~ ¢g(Y);
2. if n =1 and X is integrable, then so is Y, and E[X] = E[Y].

Proposition 12.9. Let (2,.%,P) be a probability space and X : 2 — R a

nonnegative r.v. Then

E[X] —/OOOIP’(X >x)dx—/OOO]P’(X > ) da.
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Proof. We have
/Ooo P(X > z)dx = /000 [/Q 1xsz(w) dP(w)} dz,

1, if Xw) >z |,

——
1X>x(w) = that is, z€[0,X (w))

where

0, otherwise.

By Tonelli’s theorem,

/0 ) [ /Q x>z (w) dIP’(w)} dz = /Q [ /O N 1jo,x () () dz | dP(w)

= / X(w) dP(w)
Q
— E[X]

Remark. Recall that P(X < z) = Fx(z). Hence

E[X] = /000[1 — Fx(z)]dx.
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13 Lecture 13

Theorem 13.1. Let X : Q — R be a nonnegative random variable. Then

o0 oo

Y P(X >n) <EX] <1+ > P(X >n).

n=1 n=1
Proof. We prove the second inequality first. For n > 1, set 4, = {n — 1 <
X <n}and B, = {X >n}". Then

= lim [P(Bo) + )  P(By) — nP(Bn)
k=1
n—1

<1+ 1@2@(3@
k=1

=1+ P(By),
k=1

using Abel summation by parts, P(By) = P(X > 0) = 1 and nP(B,) >
0. U

Remark. We are using that lim, > ,_, P(By) exists in [0,00]: the terms

"Note that Bn_1 = An & By.
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are nonnegative, so the partial sums increase (the limit may be infinite).

Without that information one has to work with lim inf or lim sup.

Proof. As for the first inequality, arguing as above but bounding X >n —1

on A, gives

E[X] > lim [i P(B,,) — mP(Bu)
n=1

If E[X] = oo there is nothing to prove. If E[X] < oo, then, since By, | 0,
the measure v given by dv = X dP is finite® and, by continuity, v(B,,) —
v(0) = 0. Now

v(Bm) = X dP > mdP =mP(B,,) >0
Bm Bm
= limmP(B,,) = 0.
m

Hence

E[X] > iIP’(Bn).
) L]

Corollary 13.2. If the random variable X takes values in {0,1,2,... }, then
o
E[X] =) P(X >n).
n=1

Corollary 13.3. Let Ay, As, ... be events. The following are equivalent:
1. Ay, Ay, ... are independent;
2. 0(Aj1),0(Az),... are independent o-algebras;
3. 14,,14,,... are independent random variables.

Remark. One has

0(1Ai) = {@7 Q, A;, AZC} = O'(AZ)
*Because v(Q2) = [, X dP < cc.
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Remark. In Corollary 13.3, the family of events need not be countable.
Example 13.4. If Ay, As,... are independent events, then

1. By, Bo,... are independent, where for each k > 1 we choose either
By, = Ay or By, = Aj;

2. UpZy Aok, A{ N A3 and (A5AAg)° U A5 are independent;

3. 0 (Upey0(Agg)), o(0(A1)Uo(As)) and o(o(As) Uo(Ag) Uo(Ars)) are

independent o-algebras.

Example 13.5. If (X,Y), (Z,W) and (U, R, S) are independent, then

ixsyy, Z+ W, lyyz2ipe—g2
are independent random variables. Indeed,

o(Lixsyy) = o({X >V} Co((X,Y))
o(Z + W) C o((Z,W))
0(1{U2+R2=S2}) C O'((U, R, S))

Let (2, .%#,P) be a probability space and Xj, Xo, ..., X, random variables.
Let X = (X1, X2,...,X,) : © — R™ be the associated random vector.

e Px is a probability measure on (R, Z(R™)).

e Px,,...,Px, are probability measures on (R, #(R)), and Px, X --- X
Px,, is a probability measure on (R, Z(R)®- - -@A(R)) = (R", B(R")).

Theorem 13.6. The following are equivalent:
1. X1,...,X, are independent random variables;
2. P(X1 ..... X"):PXl ><~--><PXn.

Remark. Given a probability space (2, .%,P):
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o let .#1,...,.%, be o-algebras on ) contained in .#. Then %#1,...,.%,
are independent if and only if P ((;_; Ax) = [11-; P(Ax) for all A; €
91,...,14” € g\n;

e Xi,...,X, are independent random variables if and only if

P({XlEAl}ﬂ"'ﬁ{XnEAn}):f[P(XkGAk), VAZEQB(R)
k=1

Lemma 13.7. Let (€2,.%#) be a measurable space and P, ) probability mea-

sures on it. If

e ¢ is a m-system on (2,

e 0(%¢) =%,

o P(A)=Q(A) for every A € €,
then P = Q on (2,.%).

Proof. We prove Theorem 13.6.
(2) = (1). Let Ay,..., A4, € ZR) and B, = {X} € Ax} € F for
k=1,...,n. Then

P(Xl,...,Xn)(Al XX Ap)

P({WEQ:(Xl,...,Xn)(w) EAl X e XAn})
{weQ: Xi(w) € 41,..., Xp(w) € 4,})
(X1 €4,...,. X, €A

P
P

On the other hand, by hypothesis,



Hence

P(X1 € Ar,..., Xp € Ay) = [[ P(Xk € Ap),
k=1

that is, the random variables are independent.

(1) = (2). We must show that if
Py, x) (A XX Ap) = (Px, X+ X Px, ) (A x -+ x An), ¥V A; € B(R),

then the measures Py, . x,) and Px, X --- X Py, coincide. For this we use

Lemma 13.7: since
C={A1 x---xAy,: A1,..., A, € BR)}

is a m-system generating %(R"™), the conclusion follows. O
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14 Lecture 14

Proposition 14.1. If Xq,..., X, are independent and integrable random
variables, then

= [[Exi.

=1

E [ﬁ X;
i=1

Proof. Consider X : (Q,.7) — (R", %grn) given by X = (Xq1,...,X,),
and the functions g, : R" — R defined by g(x1,...,z,) = 212, and
g(z1,...,xp) = |z1- - 2p|. Then X7 .-+ X,, = go X and

E[|X; -+ Xo]] = /Q §(X) dP
= /ng(a:) dPx ()

_ / 1 3] d(Px, % -+ % Py ) (@)

/R[/R...[/R|xl|...mn]d]P’Xn(;pn)] ...:|d]P>X1(x1)
i [/R...:ml...!xn—ﬂ [/R |xn|dPXn(l‘n):| } APy, (1)

(1 Xn]] - E[[ X2l ] E[|X1]] < oo,

Il
&=

using Theorem 13.6 and Tonelli’s theorem. Hence X; --- X, is integrable,

and
B X = [ a(X) P = [ g(a) dPx(e) = - = BLX, ]+ ELX)

repeating the computation above with g in place of g, now justified by Fu-

bini’s theorem. O

Proposition 14.2. Suppose X,Y are independent random variables and
E € Z(R?). Then

P((X,Y) € E) —/

Px(E) dPy(y) = [ Py(E") dPx(a),
R R

where EY = {x e R: (z,y) € E} and E* = {y € R: (z,y) € E}.
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Proof. On the one hand,

PUX.Y) € B) = | 16(0.) dBixy (o)

[ 15 dBx x Pr)(ay)

:/R {/RlE(x,y)dIP’X(x)} dPy (y)

:/R [/R 1py(x) dlp’x(iﬁ)] dPy (y),

where EY = {x € R: (z,y) € E}. Hence

/R[/R 1py(x) d]P’X(a:)} dPy (y) :/RPX(Ey)dIP’y(y).

Analogously,

P((X,Y) € E) = /R Py (E”) dPx (z)

with E* ={y e R: (z,y) € E}.
Example 14.3. The case of the diagonal:

P(X = Y) = B((X,Y) € D) :/

Py (DY) dPy(y) = / P(X =) dPy(y).
R

R

Example 14.4. We compute

PIX+Y <a)=P(X,Y)€EE)= /R]P’X(Ey)dPy(y)

with EY = (—o0,a — y]. That is,

/ Py ((~o0,a — y]) dPy(y) = / P(X < a— y) dPy(y),
R R

which is the convolution formula.

14.1 Distribution functions

A distribution function is a function F : R — R such that

1. 0< F(z) <1forall z € R;
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2. F' is non-decreasing;
3. F is right-continuous;
4. limy_,_ o F(x) =0 and lim,_,o F(z) = 1.

Remark. If F is a distribution function, then there exist a probability space

and a random variable X on it with Fx = F.

Remark. We say that F is discrete when there exist a countable set A C R
and numbers p, > 0, x € A, such that

F(t) = pr-

<t

F is absolutely continuous when there exists a nonnegative Borel measurable

g : R — R with
t
F(t) :/ g(u) du.

—0o0
F is singular when F is continuous and F” exists and equals 0 almost every-

where.

Example 14.5. The Cantor function. One constructs F : [0, 1] — [0, 1]
as the uniform limit of the sequence F), defined by: Fy(z) = = and, at each
step, on every interval where F), is affine, one subdivides the interval into
three equal parts and redefines F), 1 to be constant (equal to the mean value)

on the middle third, keeping it affine on the two outer thirds.
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Figure 3: The Cantor function.

One checks that (Fj,(x)), is Cauchy, with |F,(z) — Fp,(z)| < 27" for all
m >n > 1and all z € [0,1]. Hence the limit F' exists and the convergence
is uniform, since |F,(z) — F(z)| < 27". In particular, F' is continuous and,
since F' = 0 outside the Cantor set (which has Lebesgue measure zero), F'

is singular.

Theorem 14.6. If F' is a distribution function, then there exist weights
a1, oo, a3 > 0 with a1 + ao + ag = 1 and distribution functions Fj discrete,

F5 absolutely continuous and Fj singular such that
F=a1F1 4+ asFy + asFs.

The decomposition is unique.

14.2 Distributions and distribution functions on (R, %)

A distribution on (R, Zg) is a probability measure on (R, Bg). If u is a
distribution on (R, %ZR), then the function

F,:R—R
t = p((—00,1])
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is a distribution function.

Remark. If F is a distribution function, then there exists a unique distribu-
tion pup on (R, Ar) such that

up((—oo,]) = F(t),  VteR
In particular, the correspondences

{Distributions on (R, #r)} <— {Distribution functions on R}
o F,

Fr—pp

are inverse to each other.

14.3 Variance of a random variable

Let (92,.%7,P) be a probability space and X : @ — R a random variable with
E[X?] < co. The variance of X is defined by

Var(X) = E[(X — E[X])?].
Proposition 14.7. Let X be a random variable with E[X?] < co. Then
a) Var(X) = E[X?] — E[X]?%;
b) Var(X) > 0; in particular, E[X?] > E[X]?%
c) if Var(X) =0, then X = E[X] a.s,;
d) Var(cX) = ¢? Var(X) for every ¢ € R, and Var(X + ¢) = Var(X);

e) if X1,...,X,, are independent with ]E[XJZ] <ooforj=1,...,n, then

Var(Xy + -+ X,) = 3 Var(X;).
j=1
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15 Lecture 15
Proposition 15.1. Chebyshev’s inequality. Let X be a random variable
with E[X?] < oo and let ¢ > 0. Then

Var(X)
tz2

POX - E[X]| > 1) <
Proof. Write Y = X — E[X]. Then

Var(X) = E[Y?]

E[Y?

/ Y2 4P

Q

= / Y2dP + / Y2 dpP
{lY|>t} {ly|<t}y

> / t2dP + / Y2 dP
{lY|>t} {ly|<t}y

> / 2 dP
{[v|>t}

— PR({|Y] > 1}).

O]

Proposition 15.2. Markov’s inequality. Let X be a random variable

and ¢t > 0. Then E[|X|
P{IX| 2 th) < =,

Proof. We have
BIX) = [ 1X]ap

:/ ]X]dIP’+/ IX| dP
(X2) {Ix|<t

2/ tdP = ¢t P{|X]| > t}.
(X[20)
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Theorem 15.3. Let Z be a nonnegative random variable, ¢ : [0,00) —

[0, 00) non-decreasing, and ¢ > 0 with ¢(¢) > 0. Then
P(Z >t) < -2

Proof. We have

Definition 15.4. Let ¢ : I — R. We say that ¢ is convex when
a,bel, a<b, tel0,1]] = p((1—t)a+tb) < (1—1t)p(a)+ te(b).

Definition 15.5. Let ¢ : I — R. We say that ¢ is strictly convex when
a,bel, a<b, te(0,1) = o((1—-t)a+tb) < (1—1t)p(a)+ te(b).

Proposition 15.6. Finite Jensen inequality. If ¢ : I — R is convex,
ai,...,an, € I'and tq,...,t, € (0,1) with >, ¢; = 1, then

4 (Z ti%) < ZQ‘P(%’)‘
i=1 i=1

Proposition 15.7. If ¢ : I — R is of class C2? and convex, then ¢"(z) > 0

for every x € I.

Proposition 15.8. If ¢ : I — R is of class C? and ¢”(x) > 0, then ¢ is

strictly convex.
Proposition 15.9. Let ¢ : I — R be convex and let ¢ € I be an interior
point. Then the function ¢ : I\ {a} — R,

¢(t) — p(a)
t—a

P(t) =

)

is non-decreasing.
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Proposition 15.10. The one-sided derivatives D" ¢(a) = lim,_,,+ ¥(¢) and
D~ p(a) = limy_,,— ¥(t) exist, and D~ p(a) < DV p(a).

Proposition 15.11. If § € [D~p(a), D" ¢(a)], then
o(t) > p(a) +0(t — a), Vtel.

Theorem 15.12. Jensen’s inequality. Let X be a random variable and

¢ : R — R a convex function such that X and ¢(X) are integrable. Then
Elp(X)] > @(E[X]).
Proof. Take a = E[X]. There exists 6 € R such that
o(t) > pla) +0(t — a), ViteR,

hence

(X (w)) > ¢(a) + (X (w) — a), YVwe.

Taking expectations,
Elp(X)] = E[p(a) +0(X —a)],

and by linearity,
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16 Lecture 16

16.1 Characteristic and moment generating functions

Let X be arandom variable. The moment generating function of X is defined
by
Yx(t) =E[e”], VteR,

and the characteristic function of X by
ox(t) = E[e"X] = E[cos(tX) + isin(tX)].

Theorem 16.1. If E[e’X]] < oo for some § > 0, then X* is integrable and
E[X*] = wglg) (0) for every k € Z..

Theorem 16.2. If E[|X|"] < oo for some r € Zy, then px is of class C”

and
o0 () =E[(iX)e"X], VteR.

Proof. Suppose first that » = 1. Then

p(t+h) —p(t) _ E[eHMX] —E[eX]
h h

[ /R etz Py (x) — /R et dPX(:v)]

1
h
i(t+h)z _ itz
= / £ "% aPx(x)
R h
I

itx ihx_l
_ [ e ) 4Py ()
h
eitz(eihx o 1)
= jr ————— = dP .

Letting h — 0 and using the DCT,

lim plt+h) = ¢lt) = / ize™ dPx (z).
h—0 h R
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Indeed, for h € (—1,1) and = # 0,

ireit e 1 < ligeite —1 + cos(hx) + isin(hx)
the |~ hx
. 1 — cos(hx) sin(hzx)
< x| |
< liwe™] ‘ hx hx
<0y <1

The bound 6, |z| does not depend on h and is integrable, since
/ 01)z| dPx (xz) = 61 E[|X|] < oo.
R

Therefore, by the DCT,

i P& R) — (1)
h—0 h

= / ize™ dPy (z) = E[iXe™X].
R
To show that ¢ is of class C'! we must check that ¢’ is continuous:
O (t+h)—(t) = / izelt® [6“” - 1} dPx(x).
R

Since
‘ixeitz [eihx - 1} ‘ < 2|x|,

which is integrable, the DCT gives

}llirr(l) [ (t+h) — ¢ (t)] = /ROdPX(;U) = 0.

—

Now let r € Z;. First, E[|X|""!] < oo implies E[|X|"] < oco. Indeed, in
general, if 0 < o < B3, then E[|X|?] < oo = E[|X|%] < oco. It suffices to
prove this for @ = 1, since we may always set ¥ = |X|® and consider Y
with v = 8/a > 1. Then

E[Y]:/ YdIPJr/ Y dP
o1} !

< / Y7 dP + / 1dP
(y>1) (y<y

<E[Y]+1 < .
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An alternative argument uses Jensen’s inequality: ¢ — ¢7 is convex on [0, c0)
for v > 1. Applying it to the truncations Yy = min{Y, N}, which are

bounded and hence integrable,
E[Yy] > (E[Yn])".
Since Yy 1Y and Y 1 Y7, letting N — co the MCT gives

E[Y7] = (E[Y])”.

Now,
Ot +h) — o (¢ 4 the _ 1
14 ( + ) ¥ () — /(ix)reztm |:6 ]dPX(:c),
h . h
and
) the _ q )
(Z-:L,)reztx [6 ; :| N (i:v)r"'lem,
) the _ q
(i:U)Tem [e :| ‘ § 91|x‘r+1’
h
/ 61z dPx (z) = 1 E[| X|" ] < .
R
By the DCT,
(r) — .
lim ¥ (t+h) ' 4 (t) — /(ix)r—i-leztm dP)((fL‘)
h—0 h R
— E[(iX)r+leitX].
The continuity of ¢("*t1 is proved analogously. O

Proposition 16.3. Let ¢ be the characteristic function of the random vari-
able X. Then

1. |p(t)] < ¢(0) =1 for every t € R;
2. ¢ is uniformly continuous;

3. if a,b € R, then @,x44(t) = @(at)e'?;
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4.

5.

p(=t) = p(t);

 takes real values if and only if X is a symmetric random variable, that
is, Px(B) = Px(—B) for every B € #(R) (equivalently, X ~ —X).

Proof. Item by item:

1.

2.

lo(t)| = |E[eX]| < E[|e?X|] =1 = ¢(0) for every t € R.

(L + h) — p(t)] = |fw (e — 1) dPx ()| < [ e — 1]dPx(a),
and the bound does not depend on ¢; the DCT shows that it tends to
0as h — 0.

Cax4b(t) = E[ez‘t(aX+b)] — eith[ez‘taX] — eitbgo(ta).

p(—t) = E[e™"X] = E[e"X] = E[e"™X] = ¢(t).

If X is symmetric, then X ~ —X and ¢x(t) = ¢_x(t) = E[e*(-%)] =

ox(—t) = px(t) for every t € R, so px(t) € R. Conversely, if ¢x is

real-valued, then

p-x(t) = px(—t) = px(t) = px(t), ViteR,

and since the characteristic function determines the law, —X ~ X.

]
Proposition 16.4. If E[|X|"] < oo for some r € Z,, then, as t — 0,
' g y
PE[X]
a) o(t) =Y ——t +o(lt]");
j!

7=0

— YE[XI] ;  E[IX]"
b) p(t) = ! [' ]tJ + QTMH, where 6, = 6,.(t) satisfies |6, < 2.

; J! r!

7=0
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17 Lecture 17

Inversion formula.

Let FF : R — R be a distribution function, ur the associated distribution

and ¢ its characteristic function. Then

1.

1 c e—ita —e ith
F) - F(@) = bur((0) + de({a}) = lim 5 [ S ar

c—o00 27T —c it

for all @ < b.

2. If [* _|o(t)|dt < oo, then F has a density given by

f(x) ! /oo e " o(t) dt, VzelR.

:% .

Proof. We have
¢ ,—ita __ ,—ith c ,—ita __ ,—ith .
/ £ -° o(t) dt = / £ —° / e dpp(x) dt.
e it ¢ it R

Fubini’s theorem applies on [—c¢,c] x R (which has finite product measure,

since pp is a probability measure) because the integrand is bounded:

—ita —ith b

e " —e .

——— = e™ds =
it a

—ita —itb
e —e .
- el < b—a.
it

Thus, writing

Fubini’s theorem gives

c ,—ita __ ,—ith ) ¢ ,—ita __ ,—ith
/ % /R " dpp(x)dt = /R/ %em dt dpp(z).
—c —c
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Now,

e—zta _ e—ztb

B(e,z) = — e at

L
/C %[cos(t(m _ a)) + isin(t(z — a))
— cos(t(z — b)) — isin(t(z — b))] dt
/C [sin(t(:r —a)) sin(t(z b)) it
; :

t t

\)

Since

/ nta) gy - T sgn(a,
.t 2

we have, on the one hand, |B(c,z)| < K for some constant K > 0 indepen-

dent of ¢ and z, and, on the other hand,

(
0, ifzx<a,

w, ifx=a,
lim B(c,z) = { 27w, ifa <z <b,
Cc— 00

w, ifx =02,

0, ifz>0b.

Hence, writing h(z) = lim.,~ B(c, x), the DCT gives

lim I, = /R h(x) dpup(x) = 7 e ({a}) + 27 ue((a, b)) + 7 e ({5)).

c— 00

Dividing by 27 and noting that pup((a,b)) = F(b) — F(a) — urp({b}), the

claim follows. O

Let X : Q — R™ be a random vector. The characteristic function of X
is defined by ¢y : R" — C, t — E[e(:X)],

Proposition 17.1. Let ¢ be the characteristic function of the random vector
X :Q — R" Then
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2. ¢ is uniformly continuous;
3. ifa € R and b € R”, then

Yax+b(t) = gp(at)ei<t’b>, VteRY

4. if X = (Xy,...,X,), the random variables X1, ..., X,, are independent
if and only if o(t) = [i_; ¢x, (t) for every t = (t1,...,t,) € R™;

5.if Y : Q@ — R™ is a random vector with py = ¢, then ¥ ~ X.

Proposition 17.2. Weak law of large numbers. Let X, Xo,... bei.i.d.

integrable random variables with

E[X1] = m.
Then, with S, = ;| Xk,
Sn,
= _m
n

in distribution and hence, the limit being constant, also in probability.

Proof. We compute

Using the first-order expansion of the characteristic function, valid because

B[] < oc, S o
Yx, (n) =[1+imn+o<n>} .
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Letting n — oo, for each fixed t,

lim s, /n(t) = €™,

n—o0
which is the characteristic function of the constant random variable Y = m.
We conclude by Lévy’s continuity theorem: pointwise convergence of the
characteristic functions to a function continuous at 0 implies convergence in

distribution. O

Proposition 17.3. Central limit theorem. Let X, Xo,... be i.i.d. ran-
dom variables with E[X?] < oo, E[X;] = m and Var(X;) = ¢ > 0. Then

S, —mn

—~r — N(0,1)

in distribution.

Proof. Let Yy, = X, —E[Xy] = Xp—mand T, = Y, _, Y = S, —mn. Then

(o ()

Since E[Y1] = 0 and E[Y{] = o2, the second-order expansion of the charac-

teristic function gives, as n — oo with ¢ fixed,

LI R LJFiaQ o 2+o 1
1 oyn) oyn 2 o\v/n n

1 t2+ 1
=1——+4o0(—]).
2n n

Therefore
t2 1 n t2
gog:rinﬁ(t) = [1 ~ 5 +o (n)] — e 2 = pgz(t),
where Z ~ N(0,1). We conclude by Lévy’s continuity theorem. O
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18 Lecture 18

18.1 [L” spaces

Let (Q,.%, 1) be a measure space and p > 0. We define
LP(Q, F,p) = {f : Q — R measurable : / |fIPdp < oo} .
Q

Remark. We write (P(E) = LP(E,2F,v), where v is the counting measure.
Theorem 18.1. The space LP(£2,.%#, ) is a vector space.

Proof. Since LP(§, ., 1) is a subset of the vector space of measurable func-
tions f : 0 — R, we only need to check that f+ Ag € LP whenever f,g € L?
and A € R. Pointwise,

[f+Agl” < (If]+ [Ag))?
< (2max{[f[, | g|})”
= 2" max{[f|", [Ag|"}
<2217+ AP - 1glP)

whence

Jireagpans | [15rduve [lgpa) <o
and therefore f 4+ Ag € LP. O

Lemma 18.2. Young’s inequality. Let p,q > 1 be conjugate exponents,
that is, % + % =1. If z,y > 0, then
Ty < x—p + y—q.
p q

Proof. If £ = 0 or y = 0 this is immediate. If x,y > 0, set ¢ = Inx and
b=Iny. Since u — e is convex and % + é =1,

Pyl

P g p

Wi b _
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Remark. It also holds that, if pq,...,pr > 1 satisfy Zle p%- = 1 and

T1,...,TE > 0, then
Pi

k k
i=1 -1 Pi

Lemma 18.3. Holder’s inequality. Let p,q > 1 with % + % =1 and let
f,9:Q — R be measurable. Then

/!fg!du< </|f|pdu>1/p (/ yquu>1/q.

Moreover, when f € LP and g € LY, equality holds if and only if there exist
constants a,b > 0 with a® + b? # 0 such that b|f|P = a|g|? a.s.

Proof. First, if [|f|P dp =0, then f =0 a.s., so |fg| = 0 a.s. and both sides
vanish; similarly if [|g|7dp = 0. If [|f|Pdp = oo or [|g|?dp = oo (and
the other factor is nonzero), the right-hand side is co and the inequality is
trivial.

In the case [|f|Pdu = [|g|?dp = 1, Young’s inequality applied pointwise
to z = [f(w)], y = |g(w)| gives

1 1
1=p/|f|pdu+q/g\qduZ/lfgldu-

If [|f|Pdu and [ |g|?dp both lie in (0, 00), set

- 9
(f1f1Pdu)?” (f gl dp) "/

Then [|f|Pdp = []§/?du = 1 and, by the previous case, [|fg|du < 1,
which is exactly the desired inequality. O

f= §=

Remark. It also holds that, given p1,...,pr > 1 with p% +.--4+ L =1and

e
measurable fi,..., fr : Q@ = R,

k 1
|fi[P du) > [ f feldp
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Theorem 18.4. Minkowski’s inequality. Let p > 1 and f,g € LP. Then

1+ glly < [1fllp + llgllp-

Proof. For p =1 this is an immediate consequence of the pointwise triangle
inequality. For p > 1, set q = z% and 0 = % =p—1. Since f 4+ g € LP (the
space is a vector space), H If + g/ Hq =|f+ g||g. By Holder’s inequality,

190+ 17+, = [191-1f + 1 du

lallo- 11+ 91, = [ lol-1f + 1" d

and, adding,

£l +1gllp) !f+g||f,2/(!f+\g\)!f+g|9du2/\f+9!”du= If+gl5

If | f + gll, = O there is nothing to prove; otherwise ||f + g||b < oo and we
divide by || f + gl = [|f + gl5~" to obtain the result. O

Is || - ||, @ norm on LP? We have the triangle inequality (Minkowski), homo-
geneity and the implication f =0 = ||f||, = 0. However, | f||, = 0 does
not imply f = 0: we can only conclude that f = 0 a.s. For this reason || - ||,
is merely a seminorm on LP, and a genuine norm is obtained by passing to
the quotient by the relation of a.s. equality; this is the convention normally

in force when one speaks of “the normed space LP”.

Theorem 18.5. For 1 < p < oo, the set of integrable simple functions is

dense in LP.
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19 Lecture 19

Definition 19.1. Let (X,,) be a sequence of random variables and X a

random variable. We say that X, converges a.s. to X when
P{w e Q:lim X, (w) = X(w)} = 1.
n
We write X,, — X a.s.

Definition 19.2. We say that X,, converges to X in probability when
ImP(| X, — X|>¢)=0 Ve>0,
n

equivalently,
ImP(|X, — X|<e)=1 Ve>0.
n

We write X,, — X in probability, or X, 5x.

Definition 19.3. We say that X,, converges to X in LP, with p > 0, when
1. X, X1, Xo,--- € LP;
2. lim, E(| X, — X|P) = 0.

We write X,, — X in LP.

Definition 19.4. We say that X, converges to X in distribution (or in law)

when one (and hence all) of the following conditions hold:
1. lim, Fx, (t) = Fx(t) for every ¢ that is a continuity point of Flx;
2. lim, ¢x,, (t) = px(t) for every t € R;
3. lim, E[g(X,)] = E[g(X)] for every continuous bounded g : R — R.

Theorem 19.5. Let (X,,) be a sequence of random variables and X a ran-

dom variable. Then:

1. if X, —» X a.s., then X,;, — X in probability;
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2. if X,, = X in L?, then X,, — X in probability;
3. if X,, — X in probability, then X,, — X in distribution.

Proof. For (1), fix e > 0. For each n € Z, set A, = {|X,, — X| <e} € F
and By, = (>, A C Ay. Then By 1 UX—1 Bn. On the other hand,

P{lim X, = X} = 1.
n

N————
=C

If we C, there is N € Z4 such that | X, (w) — X (w)| < € for all n > N; that
is, there is N with w € By, hence w € |J3_; By. Therefore C C |JX_; Bn
and

(0.9}
1=P(C)<P < U BN> = limP(By) < liminf P(Ay) < 1,
N=1
so limy P(An) = 1, that is, limy P(| Xy — X| > ¢) =0.
For (2), fix ¢ > 0. By Markov’s inequality applied to | X,, — X P,

E[| X, — X|P
OSIP’(]XH—X\Zg)SHEpH,

Letting n — oo gives lim,, P{|X,, — X| > ¢} = 0.
Finally, for (3), let ¢t be a continuity point of F' = Fx and let ¢ > 0. We
know that

liTanIP’{\Xn —X|>e}=0.
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Then

P{X, <t} =P{X, <t |X, — X| >¢}
+P{X, <t |X,—X|<e}
<P{X,-X|>e}+P{X <t+¢}
limsupP{X, <t} <P{X <t+e}=F((t+¢))
n
limsupP{X,, <t} < F(t) (letting € ] 0, by continuity at t)
n
P{X <t—e}=P{X <t—¢|X,—X|>¢}
FP{X <t—e|X,— X|<e)
<P{|X, - X|>e} +P{X, <t}
P{X <t—e} < limninf]P’{Xn <t}
F(t7) < lin%inf P{X, <t}
F(t) < limninf P{X, <t}

<limsup P{X,, <t} < F(¢).
0

Example 19.6. On the space ([0, 1], 4([0,1]),m), let X,, = nl/pl(oyl/n).
Then X,, — 0 a.s., but

E[| X0 — 0] = (/)P = = 1.
n
Hence X,, 4 0 in LP.

Example 19.7. On ([0,1], #(]0,1]), m), consider the typewriter sequence:
X1 =1, Xo = 1pp1/2), X3 = Lj1y21), Xa = Lpg1/3), X5 = 1{1/3,2/3), X6 =
1[2/371}, ... Since

|1 Xn| <1 = X, €L,

we have X, — 0 in L? but X,, /4 0 a.s. Indeed,

{x €]0,1] : li}lan(:v) =0} =0.
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Theorem 19.8. If X,, — X in probability, then there is a subsequence
(Xn, )k of (Xp) with X,,, — X as.

Corollary 19.9. Let X7, Xs,... be random variables. The following are

equivalent:
1. X,, — X in probability;

2. every subsequence of (X,,) has a further subsequence converging to X

a.S.

Proof. (1) = (2). If X;, — X in probability, every subsequence (X, )
also converges to X in probability; by the previous theorem, (X, )r has in
turn a subsequence converging to X a.s.

(2) = (1). Suppose X, # X in probability. Then there exist ¢ > 0, > 0

and a subsequence (X, )x such that
P{|X,, — X|>¢e} >0, Vk>1.

By hypothesis, (Xy, )r has a subsequence (Xnkj )j converging to X a.s., hence
in probability, so that }P’{|Xnkj — X| > e} — 0. This contradicts the previous
inequality. O
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20 Lecture 20

We return to the theorem stated at the end of the previous lecture, now with

its proof.

Theorem 20.1. If X,, — X in probability, then there is a subsequence

(Xn, )k of (Xp)n with X, — X as.

Proof. For each k € Z, we have limnIP’{\Xn - X[ > %} = 0. We may

therefore choose ny € Z, with

1 1
IP’{|Xnk—X\ zk} <=

2K’
and we may take the nj so that n; <ng < ---. Then
> 1
ZIP’{|Xnk —X|> k} <1< oo.
k=1

By the first Borel-Cantelli lemma,

P{|X,, — X| > ¢ for infinitely many k} = 0.

=A

If w e A°, there is kg = ko(w) such that
1
0§|Xnk(w)—X(w)|<E, k > ko,

and hence
lim X, (w) = X(w).
k—o00

Therefore X,,, — X a.s.

O

Corollary 20.2. X,, — X in probability if and only if every subsequence of

(Xy) has a further subsequence converging to X a.s.

Example 20.3. One has:

1.if X, > X and Y, — Y as., then X;, +Y, — X +Y as. and

XY, - XY as.;
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2. if X, =& X and Y,, — Y in probability, then X,, + Y, - X +Y and
X, Y, — XY in probability;

3. item (2) follows from (1) and Corollary 20.2: given a subsequence,
extract from it a further subsequence along which X,, — X a.s.; from
that one extract another along which also Y,, — Y a.s. Along this
last subsequence, (1) gives a.s. convergence of the product, and the

corollary brings us back to convergence in probability of X,Y,,.

Theorem 20.4. Let C be a constant. If X,, — C in distribution, then
X, — C in probability.

Proof. Fix € > 0. We have
P{X,>C+e}=1-P{X,, <C+¢}

=1-F,((C+¢))
<1 - F(C+¢/2).

Asn — 00, 1 = F,(C+¢/2) - 1—F(C+¢/2) =0, since C+¢/2is a

continuity point of F' and

0, ift<C,
F(t) =
1, ift>C.

Hence
P{X, >C+e} —0.

On the other hand,
P{X,<C—-e}=F,(C—¢) > F(C—¢)=

Therefore
P{| X, —C|>¢e} —0.
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20.1 The space L™

Let (Q,.7,u) be a measure space. For each function f : Q@ — R we define

the essential supremum of | f| by

[flloc = inf{a € R : pu({|f] > a}) = 0}.

The space L™ = L*(Q,.7, u) is defined as the set of measurable functions
f:Q = R with || f]le < 0.

Theorem 20.5. One has:

1. if f, g : 2 — R are measurable, then || f||1 - ||gllcc = I|f9ll1;

2. || oo is @ norm on L>°;

3. if f, f1, fa, -+ : @ — R are measurable, then ||f, — fllcc — 0 if and
only if there exists F € % with pu(E€) = 0 and f, — f uniformly on
E;

4. (L*°,|| - |lo) is & Banach space;

5. the set of simple functions in L* is dense in L*°.
Theorem 20.6. If 0 < p < g < r < oo, then

1. L9 C LP+ L™

1 1

2. LP (L7 C L and ||f]ly < | FIMFIE, with A = 5=

p~l—r—

Proof. For (1), write f = f1y5<1} + fl{s>13 =g+ h. Then

J o= [y < 1 <o

= g€l

/sz/UVHux}
S/!f\ql{f|>1} < 00

= helLP.
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For (2), set o = %, B = g, a= pgf:pq), b= T(q p) . By Holder’s inequality,

A7 e < WA Hla I 1F1° s

Therefore
r—q a—p
T—p T—p
[ 1510 < (/mp) (/W)
p(r—q) r(g—p)
=1fll"™" ILfl=""
st 58,
[fllg < WA A"
and one checks that A\ = p(r—q) O

q(r—p)’
Theorem 20.7. If u is a finite measure and 0 < p < ¢ < oo, then LY C L
and || fllp < | fllq N(Q)%_é for every measurable f : 2 — R.

Proof. Seta—gandﬁ—ﬁ,sotha‘c 1+5:1 Then

AP < AP 2 1]

J1sran< (/\f!qdu>s (/w)q;p

£l < 1 Fllg ()% = [ Fllg ()7~

B =
2=

20.2 The dual space of LP

Let p,q € [1,00] with %—F% = 1. For each g € L9, the map ¢, : LP — R

defined by
= / fgdp
Q

1. pg(af) = apy(f) for all « € R and f € LP;

is a linear functional on LP:

2. @o(f+h)=p4(f)+ @q(h) for all f,h e LP.
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Remark. Given ¢ : F — R,
el = sup  |o(u).
ueE, [luf=1

Theorem 20.8. If ¢ € [1,00), then

gl = llgllg-

If ¢ = 0o and p is o-finite, then also

l@gll = llglloo-
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21 Lecture 21

Theorem 21.1. If p € (1,00), the map g — ¢, is a bijective isometry
between L? and (LP)*, where % + 1% = 1. The same holds for p = 1 when p

is o-finite.
Definition 21.2. We define
E* = {bounded linear functionals on E}.

For p € E* we set |¢|| = sup|y|=1,vcr |¢(v)]. An element ¢ € (E*)" is a
bounded linear functional ¢ : E* — R. Each = € E defines one:

Yot E* =R, o o).

We say that E is reflexive when the canonical map x + 1, is a bijection
from E onto (E*)*.

Corollary 21.3. If p € (1,00), then LP is reflexive.
Proof. We have

(LP)" ~ L9
((LP)7)" == (L) ~ LP.

21.1 Conditional expectation

Let (2,.7,P) be a probability space and B € .% with P(B) > 0. For each
event A, the conditional probability of A given B is defined by

P(AN B)

Ps(4) = P(AIB) = ~p

The function Pp : # — R is a probability measure on (9, .%).

Now, given an integrable random variable X and a sub-c-algebra & of

Z, we look for a random variable Y such that

108



1. Y is Y-measurable;
2. [(YdP= [, XdP for every Aec ¥.

The restriction P|¢ : 4 — R is a probability measure on (2,%). Let vy : 4 —
R, A— fA XTdP,andvs : 9 - R, A— fA X~ dP; both are finite measures,
since X is integrable. If A € ¢ satisfies P(A) = 0, then v1(A) = 11(A) =0,
so v, v K Ply. By the Radon—Nikodym theorem there exist ¢-measurable
Y1,Ys with dvy = Y1 dPly and dvy = YadP|y. Set Y = Y; — Yo, which is
“-measurable. If A € 4,

Vl(A):/Ylle’@:/Yld]P’,
A A

and analogously for vo. Subtracting,

/XdIP’:/YdIP, VAc9,
A A

which is the required property. As for uniqueness: if Z is ¢-measurable
and satisfies the same, then [,(Y — Z)dP = 0 for every A € ¢; taking
A={Y >Z} and A={Y < Z}, both in ¥, gives Y = Z P-as.

Theorem 21.4. Let X be an integrable random variable and ¢4 a sub-o-
algebra of .%. Then

a) there exists a random variable Y such that
e Y is ¥-measurable;
o [LYdP= [, XdP for every A € ¥;

b) if Z is a random variable satisfying those two conditions, then Z =Y

a.s.

Y is called the conditional expectation of X given ¢ and is denoted by

Remark. The distribution of X is Px(A) = P{X € A}. Analogously, the
law of X conditioned on the event B is PZ(A) = Pp{X € A}.
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Example 21.5. If X = ¢ is constant, then E[c|¢] = c.
Example 21.6. If 4 = {Q, 0}, then E[X|¥] = E[X].

Example 21.7. If Q = ¢, _, By with By,...,B, € % and P(By) > 0 for
every k, and 4 = o({B1,...,By}), then

EXg = Y <IP>(J19;§)/BkXdP> 15,

1<k<n

where each summand is the average of X over the atom Bj.

Example 21.8. If Q = {77, By, with By, € .# and P(By) > 0 for every k,
and 4 = o({By : k> 1}), then

EX|9] =) <]P’(113%€) /Bk XdIP’> 1p,.

k>1

Example 21.9. Let A € % and let ¥ C ¥ be a sub-c-algebra. The
conditional probability of A given ¢ is defined by

P[A|9] = E[14|9).

Proposition 21.10. Let X, Z be integrable random variables and ¢ a sub-
o-algebra of .#. Then

1. if @ € R, then E[aX|¥9] = oE[X|¥];
2. E[X + Z|9] = E[X|9] + E[Z|¥9];

3. if X < Z, then E[X|¥] < E[Z|9];
4. E(E[X|¥]) = E[X];

5. if 27 C ¥4, then

Proof. Write Xy = E[X|¥9] and Zy = E[Z]¥9]. In each case it suffices
to check that the proposed candidate is ¥-measurable and has the same
integrals as the left-hand side over every A € ¥; a.s. uniqueness does the

rest.
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. aXg is ¥-measurable and, by linearity of the integral,

/andIP’:a/XdIP:/aXdIP’, VAeY.
A A A

. Xy + Zy is ¥-measurable and, if A € ¢, then
/(Xg+Zg)dP:/XdP+/ ZdIP’:/(X+Z)dP.
A A A A

X< Z let A={Xy > Zy} € 9. Then

/ng]P’:/Xleg/ZdIP’:/ngR
A A A A

which forces P(A) = 0; that is, X¢ < Zy a.s.

. Taking A=Q€c¥: /ngP:/XdIP’.
Q Q

N—_——
=E[E[X|¥]] =E[X]

I C Y and A € I, then A € 4 and
/E[X|%]dIP’:/XdIP’:/E[XL%”]dIP);
A A A

since E[X|.77] is ¢-measurable, it agrees a.s. with E[E[X|¥4] | ).
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22 Lecture 22

Proposition 22.1. Let X, Z be integrable random variables and ¢ a sub-
o-algebra of .%. Then

1. if Z is ¥-measurable and ZX is integrable, then

E[ZX |9 = ZE[X|¥];
2. if X is independent of ¢, then

E[X|¥] = E[X].

Proposition 22.2. Conditional Jensen inequality. Let ¢ : R — R be a
convex function, X a random variable such that X and ¢(X) are integrable,
and ¢ a sub-c-algebra of .%. Then

¢ (E[X|9]) <Elp(X)|9]  as.

Proposition 22.3. (Conditional versions of the convergence theorems.) Let
(X,) be a sequence of integrable random variables and ¢ a sub-c-algebra of

& . All equalities and inequalities hold a.s.
1. If X;, T X with X integrable, then E[X,,|¥4] T E[X|¥].
2. If X,, | X with X integrable, then E[X,|¥] | E[X|¥].
3. (Conditional Fatou) If X,, > 0 for every n > 1, then

Elliminf X,,|¢4] < liminf E[X,,|¥].

W

. (Conditional DCT) If | X,,| < Z for every n > 1 with Z integrable and
X, — X as., then E[X,,|¢9] — E[X|9].
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23 Lecture 23

Let (2, .%#,P) be a probability space and X an integrable random variable.

If Y is a random variable, we define
E[X|Y] =E[X|o(Y)].
If Y;, i € I, are random variables, we define
E[X|Y;, i € I] = E[X|oc({Y;: i e I})].

Theorem 23.1. Let Y, Z be random variables. The following are equivalent:

a) 0(Z) C o(Y);

b) Z is o(Y)-measurable;

c) there exists a Borel measurable function g : R — R with Z = ¢(Y).

Proof. (a) < (b). If 0(Z) C o(Y) and A € %(R), then Z71(A) € 0(Z) C
o(Y), so Z is o(Y)-measurable. Conversely, if Z is o(Y)-measurable, then
o(Z)={Z71(A): Ac BR)} Co(Y).

(¢) = (b) is immediate, since a composition of measurable functions is
measurable.

(b) = (c). Let first Z be simple, measurable and nonnegative, say

n
Z = ZZlej.
Jj=1

Since A; € o(Y),”

n

Z=> zlp,(Y)=g(Y).

j=1
Now suppose Z is measurable and nonnegative. There is a sequence (Z,)
of nonnegative simple random variables with Z,, 1 Z, each Z,, being o(Z)-
measurable, so that
o(Z,) Co(Z)Cco(Y).

9That is, A; = Y *(B;) with B; € Z(R).
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By the first part, for each n > 1 there is a Borel measurable g, : R — R
with Z,, = gn(Y). Let § = sup,>; 90 : R = [0,00]. For w € © we have
ga(Y (@) = Zu(w) T Z(w), hence §(V (@) = Z(w). Set A = §~1({o0}) €
ZA(R) and

g=9-14c: R—[0,00),

which is Borel measurable. For every w € Q, Z(w) = g(Y(w)) = g(Y (w)).
Finally, if Z is measurable of arbitrary sign, apply the above to ZT and Z~

(which are nonnegative and o(Y)-measurable) to obtain
Z=2"-72"=q)-pY)=9Y), g=0-0-
O

Corollary 23.2. If X is an integrable random variable and Y is a random

variable, then

BLX[Y] = g(V), 1)
where g : R — R is a Borel measurable function.
Remark. If y € R and g satisfies (1), we define
EXY =yl =g(y).

Theorem 23.3. Let X be a nonnegative integrable random variable and Y
a random variable. Let Py be the law of Y and v : Z(R) — R be given by

A / X dP.
Y—1(A)

Then
1. v is a measure on (R, B(R));

2. E[X[Y =y] = 7% (v)-

Proof. Ttem (1) is proved exactly as item (a) of the change-of-measure the-
orem: v is the measure with density X with respect to P, transported to R
by Y.
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For (2), let f : R — R be Borel measurable with f(Y) = E[X|Y];
such an f exists by the previous corollary. By the definition of conditional

expectation, f(Y') is o(Y)-measurable and

/Af(Y)dIP’:/AXdIP’, VAeaY).

Every A € o(Y) is of the foorm A = Y~!}(B) with B € #(R). Setting
h(y) = 1p(y)f(y) and using the change-of-variables theorem,

[nae= [ pyae
A Y-1(B)
| 101y sy e
Q

h(

_/Q Y) dP

zémw&ww
_1413@ﬁ@ﬁﬂ?@>

On the other hand, this value equals fyfl(B) X dP = v(B). Since this holds
for every B € #(R), we conclude that dv = fdPy, that is, f = dC]l;’Y Py-
a.s. O

Remark. If g1 and gy satisty (1), then g1 = g2 Py-a.s.; in particular, E[X|Y =
y] is well defined for Py-almost every y.

Remark. If yo € R is such that P(Y = yg) > 0, then
1
BIXIY = o] = XY =wl) = gy [ X,
P{Y = 5o} Jiveyo)

Remark. Recall that

P(AN B)

Po(d) = P(AIB) = —5

Then
Ep[X] = E[X|B] :/QXdIP’B:P(lB)/BXdIP.
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