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Abstract

These notes accompany the course Probability and Statistics 1, taught
at the Pontificia Universidad Católica del Perú during the 2024-1 semester.
They give an introduction to probability theory from the measure-
theoretic point of view: probability spaces, random variables and ran-
dom vectors, integration, independence, the classical convergence the-
orems, Lp spaces, characteristic functions and conditional expectation.

Conventions. Throughout, r.v. abbreviates random variable (or ran-
dom vector, depending on context), a.s. abbreviates almost surely, and
i.i.d. abbreviates independent and identically distributed. The sym-
bol

⊎
denotes a union of pairwise disjoint sets. We write A − B and

A\B interchangeably for set difference. The monotone and dominated
convergence theorems are abbreviated MCT and DCT, respectively.
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1 Lecture 1

Remark. As motivation for the axiomatic construction that follows, it is
worth keeping in mind Bertrand’s paradox: the statement “a chord is
chosen at random in a circle” does not determine a probability, because
different reasonable ways of formalizing “at random” lead to different answers.
See [Le Gall(2022), p. 144]. The moral is that a probabilistic model is not
determined by the sample space alone: one must also specify the measure.

1. Ω will denote the sample space. It may be finite, infinite, etc.; the
only requirement is that Ω ̸= ∅. For instance, for the roll of a die,
Ω = {1, . . . , 6}.

2. P : 2Ω → [0, 1] (when the sample space is finite or countable). This
function (a probability measure, or simply a probability) satisfies a
number of properties.

(a) P(Ω) = 1

(b) P(∅) = 0

(c) Given A ⊂ Ω, P(A) + P(Ac) = 1

(d) (σ-additivity) If A1, A2, A3, . . . in 2Ω are pairwise disjoint, then

P

( ∞⋃
n=1

An

)
=

∞∑
n=1

P(An).

The first two properties together with σ-additivity are the axioms;
the remaining ones are consequences.

Remark. In general it is not always possible to work on 2Ω (the largest σ-
algebra one can consider on Ω). Indeed, already for the Lebesgue measure
on [0, 1] we cannot work with all subsets of [0, 1]. We therefore consider

P : F → [0, 1]

where F is a σ-algebra on Ω.
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Properties:

• If A1, . . . , An ∈ F are pairwise disjoint, then

P

(
n⋃

k=1

Ak

)
=

n∑
k=1

P(Ak).

This follows from the countably infinite case by taking Aj = ∅ for
j ≥ n+ 1.

• If A,B ∈ F and A ⊂ B, then

P(A) + P(B −A) = P(B).

In particular, P(A) ≤ P(B).

• If A,B ∈ F , then

P(A ∪B) + P(A ∩B) = P(A) + P(B).

This follows from

P(A) + P(B −A) = P(A ∪B)

P(A ∩B) + P(B −A) = P(B).

• If A1, A2, · · · ∈ F , then

P

( ∞⋃
k=1

Ak

)
≤

∞∑
k=1

P(Ak).

Proof. Consider the sets B1 = A1, B2 = A2 − A1, . . . , Bk = Ak −⋃k−1
j=1 Aj , and so on. Then Bi∩Bj = ∅ for i ̸= j. Moreover,

⋃k
j=1Aj =⋃k

j=1Bj (by induction on k). Hence

∞⋃
j=1

Aj =
∞⋃
j=1

Bj ,
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and therefore

P

 ∞⋃
j=1

Aj

 = P

 ∞⋃
j=1

Bj


=

∞∑
j=1

P(Bj)

≤
∞∑
j=1

P(Aj),

where the last inequality follows from Bj ⊂ Aj .

• If A1, A2, . . . , An ∈ F , then

P

(
n⋃

k=1

Ak

)
≤

n∑
k=1

P(Ak).

• If A1, A2, · · · ∈ F and An ↑ A1, then limn→∞ P(An) = P(A).

Proof. Set B1 = A1, B2 = A2 − A1, . . . , Bk = Ak − Ak−1, and so on.
Clearly Bi∩Bj = ∅ for i ̸= j, and

⋃n
j=1Aj =

⋃n
j=1Bj for every n ∈ N.

Therefore,

P(A) = P

 ∞⋃
j=1

Bj


=

∞∑
j=1

P(Bj)

= lim
n→∞

n∑
j=1

P(Bj)

= lim
n→∞

P(An).

1That is, A1 ⊂ A2 ⊂ · · · ⊂ An−1 ⊂ An and
⋃∞

j=1 Aj = A.
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Exercise 1.1. Let A1, A2, · · · ∈ F with An ↓ A2. Show that limn P(An) =

P(A). Note that, because we work with probability measures, there is no
need to add the hypothesis P(A1) <∞.

Proof. Set Bn = A1 −An. Then:

• Bn ∩An = ∅;

• A1 = Bn ∪An;

• P(A1) = P(Bn) + P(An);

• P(A1)− P(Bn) = P(An);

• Bn ⊂ Bn+1;

• since Bn ⊂ Bn+1, P (
⋃∞

n=1Bn) = limn→∞ P(Bn);

• moreover,
∞⋃
n=1

Bn =
∞⋃
n=1

(A1 −An) = A1 −
∞⋂
n=1

An.

Hence,

lim
n

P(Bn) = P(A1)− P

(⋂
n∈N

An

)

P

(⋂
n∈N

An

)
= P(A1)− lim

n
P(Bn)

= lim
n

P(An).

Inclusion–exclusion principle. Let A1, A2, . . . , An ∈ F . We want to
2This means that Aj+1 ⊂ Aj and

⋂
j≥1 Aj = A.
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compute the probability of the union:

P

 n⋃
j=1

Aj

 =

n∑
j=1

P(Aj)−
∑

1≤i<j≤n

P(Ai ∩Aj)

+
∑

1≤i<j<k≤n

P(Ai ∩Aj ∩Ak)− · · ·+ (−1)n+1P

 n⋂
j=1

Aj

 .

Proof. The identity certainly holds for n = 1, 2. Assume it holds for n = k:

P

 k⋃
j=1

Aj

 =
k∑

j=1

P(Aj)−
∑

1≤i<j≤k

P(Ai ∩Aj)

+ · · ·+ (−1)k+1P(A1 ∩ · · · ∩Ak).

On the one hand, writing B =
⋃k

j=1Aj ,

P(B ∪Ak+1) = P(B) + P(Ak+1)− P(B ∩Ak+1).

On the other hand,

P(B ∩Ak+1) = P

 k⋃
j=1

(Aj ∩Ak+1)


=

k∑
j=1

P(Aj ∩Ak+1) + · · ·

+ (−1)k+1P((A1 ∩Ak+1) ∩ (A2 ∩Ak+1) ∩ · · · ∩ (Ak ∩Ak+1))

=
k∑

j=1

P(Aj ∩Ak+1) + · · ·+ (−1)k+1P (A1 ∩ · · · ∩Ak+1) .
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Therefore,

P(B ∪Ak+1) = P(B) + P(Ak+1)

−

 k∑
j=1

P(Aj ∩Ak+1) + · · ·+ (−1)k+1P (A1 ∩ · · · ∩Ak+1)


=

k∑
j=1

P(Aj)−
∑

1≤i<j≤k

P(Ai ∩Aj) + · · ·

+ (−1)k+1P(A1 ∩ · · · ∩Ak) + P(Ak+1)

−

 k∑
j=1

P(Aj ∩Ak+1) + · · ·+ (−1)k+1P (A1 ∩ · · · ∩Ak+1)


=

k+1∑
j=1

P(Aj) + · · ·+ (−1)k+2P(A1 ∩ · · · ∩Ak+1).

Remark. The inclusion–exclusion principle can be rewritten as

P

(
n⋃

i=1

Ai

)
=

n∑
k=1

(−1)k−1
∑

I⊂{1,...,n}, |I|=k

P(AI)

with AI =
⋂

i∈I Ai. If we write

qk =
∑

I⊂{1,...,n}, |I|=k

P(AI), k = 1, . . . , n,

we obtain the Bonferroni inequalities: truncating the alternating sum at a
positive term gives an upper bound, and truncating it at a negative term
gives a lower bound. That is,

P

(
n⋃

i=1

Ai

)
≤ q1, P

(
n⋃

i=1

Ai

)
≥ q1 − q2, P

(
n⋃

i=1

Ai

)
≤ q1 − q2 + q3,

and so on, with equality reached at step n.
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2 Lecture 2

2.1 σ-algebras and probability measures

Definition 2.1. Let Ω ̸= ∅. We say that F ⊂ 2Ω is a σ-algebra on Ω if

1. Ω ∈ F ;

2. A ∈ F implies Ac ∈ F ;

3. A1, A2, · · · ∈ F implies
⋃

n∈NAn ∈ F .

Remark. If A,B ∈ F , then A ∩B ∈ F , since A ∩B = (Ac ∪Bc)c.3

Definition 2.2. A probability space is a triple (Ω,F ,P) consisting of

1. a nonempty set Ω, called the sample space;

2. a σ-algebra F on Ω4, whose elements are called events;

3. a probability measure P on (Ω,F ), in the sense of the next definition.

Definition 2.3. A probability measure is a function P : F → R such that

1. P(∅) = 0 and P(Ω) = 1;

2. 0 ≤ P(A) ≤ 1 for all A ∈ F ;

3. if A1, A2, · · · ∈ F are pairwise disjoint, then

P

( ∞⋃
k=1

Ak

)
=

∞∑
k=1

P(Ak).

Example 2.4. Let Ω = {ω1, . . . , ωn} or Ω = {ω1, ω2, . . . }. Take F = 2Ω

and p1, . . . , pn ∈ [0, 1] with
∑n

k=1 pk = 1 (respectively
∑∞

k=1 pk = 1 in the
second case). Then P : F → R given by P(A) =

∑
ωk∈A pk is a probability

measure.
3Indeed, Ac, Bc ∈ F (because A and B are), so Ac ∪Bc ∈ F by property (3), and one

more application of (2) gives (Ac ∪Bc)c ∈ F .
4A nonempty family such that A ∈ F =⇒ Ac ∈ F and, if A1, A2, · · · ∈ F , then⋃

n∈N An ∈ F .
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Proof. We check the conditions one by one (for the infinite case; the finite
case is entirely analogous):

1. P(Ω) =
∑

ωk∈Ω pk =
∑∞

k=1 pk = 1.

2. P(∅) =
∑

ωk∈∅ pk = 0 (empty sum).

3. If A =
⊎∞

n=1An, then

∑
ωk∈A

pk =

∞∑
n=1

∑
ωk∈An

pk =

∞∑
n=1

P(An).

Remark. Note that, for every A, the series∑
ωk∈A

pk

converges absolutely, since
∑

ωk∈A pk ≤
∑

ωk∈Ω pk = 1. This allows us to
rearrange its terms. More generally, a series with nonnegative terms can
always be rearranged.

Example 2.5. Let Ω =
⊎n

k=1Ak (the Ak pairwise disjoint with union Ω).
Consider

F =

AJ =
⋃
j∈J

Aj : J ⊂ {1, . . . , n}


and its countable analogue, for Ω =

⊎
k∈NAk,

F =

AJ =
⋃
j∈J

Aj : J ⊂ N

 .

First of all, these are σ-algebras on Ω. Next, let p1, . . . , pn ≥ 0 with∑n
k=1 pk = 1 (analogously p1, p2, · · · ≥ 0 with

∑
k∈N pk = 1). Then

P(AJ) =
∑
j∈J

pj

is a probability measure on (Ω,F ).
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Proof. We first show that F is a σ-algebra:

1. Taking J = N (or J = {1, . . . , n}), the corresponding union is Ω. Hence
Ω ∈ F .

2. Let B ∈ F ; we may write

B =
⋃
j∈J

Aj .

Since the Aj form a partition of Ω,

Bc =
⋃
j ̸∈J

Aj =
⋃
j∈Jc

Aj ∈ F ,

because Jc ⊂ {1, . . . , n} (respectively Jc ⊂ N).

3. Let B1, B2, · · · ∈ F with Bi =
⋃

j∈Ji Aj . Setting J̃ =
⋃

i≥1 Ji,

∞⋃
i=1

Bi =

∞⋃
i=1

⋃
j∈Ji

Aj =
⋃
j∈J̃

Aj ∈ F .

Finally, checking that P is a probability measure is straightforward. Indeed,
J ⊂ N and pj ≥ 0, so 0 ≤ P(AJ) ≤

∑
k pk = 1. The σ-additivity follows from

the fact that the index sets of a disjoint union of elements of F partition
the index set, together with the fact that a series of nonnegative terms may
be rearranged freely.

Example 2.6. Let (Ω,F ) be a measurable space and x0 ∈ Ω. The function
δx0 : F → R given by

δx0(A) =

1, if x0 ∈ A,

0, otherwise,

is a probability measure on (Ω,F ), known as the Dirac measure on (Ω,F )

concentrated at the point x0.

Proof. We check the properties:
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1. x0 /∈ ∅, hence δx0(∅) = 0.

2. x0 ∈ Ω, hence δx0(Ω) = 1.

3. By definition, δx0(A) ∈ [0, 1].

4. Let A1, A2, · · · ∈ F be pairwise disjoint. If x0 ∈
⊎∞

n=1An, there is a
unique n0 with x0 ∈ An0 , and x0 /∈ An for n ̸= n0. Thus

δx0

( ∞⊎
n=1

An

)
= 1 = δx0(An0) =

∞∑
n=1

δx0(An).

If x0 /∈
⊎∞

n=1An, both sides equal 0.

Example 2.7. If P,Q are probability measures on (Ω,F ) and α ∈ (0, 1),
then αP+(1−α)Q is also a probability measure on (Ω,F ). More generally, if
P1, . . . , Pn are probability measures and t1, . . . , tn ∈ [0, 1] satisfy

∑n
i=1 ti = 1,

then
∑n

i=1 tiPi is a probability measure as well. The same holds in the
countable case.

Proof. We prove all items in the countably infinite case (which subsumes the
others):

1. (
∑∞

i=1 tiPi) (∅) =
∑∞

i=1 ti · 0 = 0.

2. (
∑∞

i=1 tiPi) (Ω) =
∑∞

i=1 tiPi(Ω) =
∑∞

i=1 ti = 1.
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3. If A =
⊎∞

j=1Aj , then

( ∞∑
i=1

tiPi

)
(A) =

( ∞∑
i=1

tiPi

) ∞⊎
j=1

Aj


=

∞∑
i=1

ti

 ∞∑
j=1

Pi(Aj)


=

∞∑
j=1

∞∑
i=1

tiPi(Aj)

=
∞∑
j=1

( ∞∑
i=1

tiPi

)
(Aj),

where the interchange of sums is legitimate because all terms are non-
negative.

2.2 Random variables and random vectors

Definition 2.8. We say that X : Ω→ Rn is

1. a random variable, if n = 1;

2. a random vector, if n ≥ 2,

provided it is measurable with respect to the corresponding σ-algebras.
When the distinction is immaterial we shall also say “random vector” in
the case n = 1.

Definition 2.9. Generated σ-algebra. Let Ω be a nonempty set and C a
family of subsets of Ω. Let {Fλ}λ∈Λ be the family of all σ-algebras on Ω

containing C ; it is nonempty, since 2Ω is one of them. We define

σ(C ) =
⋂
λ∈Λ

Fλ,

the smallest σ-algebra on Ω containing C .
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Remark. Note that σ(C ) is indeed a σ-algebra, since an intersection of a
family of σ-algebras is a σ-algebra, and it contains C . Moreover, if C1 ⊂ C2,
then σ(C1) ⊂ σ(C2).

Borel sets.

B(R) = σ(open intervals of R)

B(Rn) = σ(open sets of Rn).

More generally, if (E, T ) is a topological space, then

B(E) = σ({open sets of E}).

Proposition 2.10. Let

1. C1 = {(−∞, a] : a ∈ R} and C◦1 = {(−∞, a] : a ∈ Q},

2. C2 = {(−∞, a) : a ∈ R},

3. C3 = {(a,∞) : a ∈ R},

4. C4 = {[a,∞) : a ∈ R}.

Then
σ(C◦1) = σ(C1) = σ(C2) = σ(C3) = σ(C4) = B(R).

On the other hand, if for a = (a1, . . . , an) ∈ Rn we write (−∞, a] =∏n
i=1(−∞, ai] and set

C = {(−∞, a] : a ∈ Rn},

then
σ(C) = B(Rn).

2.3 Inverse image (preimage) of a set under a function

Let f : A → B be a function and C ⊂ B. The inverse image of C under f
is the set

f−1(C) = {x ∈ A : f(x) ∈ C} ⊂ A.

Let C and Cλ, λ ∈ Λ, be subsets of B. Then
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1. f−1
(⋃

λ∈ΛCλ

)
=
⋃

λ∈Λ f
−1(Cλ);

2. f−1
(⋂

λ∈ΛCλ

)
=
⋂

λ∈Λ f
−1(Cλ);

3. f−1(Cc) = [f−1(C)]c;

4. f−1(∅) = ∅ and f−1(B) = A.
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3 Lecture 3

Definition 3.1. Let (Ω,F ,P) be a probability space and X : Ω → R a
function. We say that X is a random variable when X−1(A) ∈ F for every
A ∈ B(R); in symbols,

X : (Ω,F )→ (R,BR).

This extends to Rn in the obvious way.

Notation. Let X : Ω→ Rn be a random vector and A ∈ B(Rn). We write

{X ∈ A} = {ω ∈ Ω : X(ω) ∈ A} = X−1(A).

Notation. Let X : Ω→ R be a random variable and a, b ∈ R. Then

{X = a} = {ω ∈ Ω : X(ω) = a} = X−1({a})

{X < a} = {ω ∈ Ω : X(ω) < a} = X−1((−∞, a))

{X ≤ a} = {ω ∈ Ω : X(ω) ≤ a} = X−1((−∞, a])

{X > a} = {ω ∈ Ω : X(ω) > a} = X−1((a,∞))

{X ≥ a} = {ω ∈ Ω : X(ω) ≥ a} = X−1([a,∞))

{a ≤ X ≤ b} = {ω ∈ Ω : a ≤ X(ω) ≤ b} = X−1([a, b]).

Example 3.2. Let Ω = {a, b, c, d} and F = {∅,Ω, {a, b}, {c, d}}. Let X,Y :

Ω→ R be given by

X(a) = X(b) = 1, X(c) = X(d) = 2

Y (a) = Y (c) = −1, Y (b) = Y (d) = 0.

Then X is a random variable but Y is not. Indeed, for A ∈ B(R),

X−1(A) =



Ω if 1, 2 ∈ A,

{a, b} if 1 ∈ A, 2 /∈ A,

{c, d} if 1 /∈ A, 2 ∈ A,

∅ if 1, 2 /∈ A.
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On the other hand, Y −1({0}) = {b, d} /∈ F . Note that if we change the σ-
algebra, taking for instance {∅,Ω, {a, c}, {b, d}}, then Y becomes a random
variable and X no longer is one.

Example 3.3. Indicator function. Let (Ω,F ) be a measurable space and
A ⊂ Ω. The function 1A : Ω→ R given by

1A(ω) =

1, if ω ∈ A,

0, if ω /∈ A,

is called the indicator function of A. One has

1A is a random variable ⇐⇒ A ∈ F .

3.1 Law or distribution of a random vector

Definition 3.4. Let (Ω,F ,P) be a probability space and X : Ω → Rn a
random vector. The law, or distribution, of X is the probability measure on
(Rn,B(Rn)) given by

PX : B(Rn)→ R

A 7→ P(X−1(A)).

Exercise 3.5. Verify that PX is a probability measure.

Example 3.6. Let X ∼ B(n, p). Then

PX({k}) = P(X = k) =

(
n

k

)
pk(1− p)n−k, k = 0, 1, . . . , n.

Formally,

PX : B(R)→ R

A 7→
∑
k∈A

(
n

k

)
pk(1− p)n−k.
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Example 3.7. Let X ∼ N (0, 1). Then

P(a < X ≤ b)︸ ︷︷ ︸
=PX((a,b])

=

∫ b

a
φ(x) dx, ∀ a < b,

where
φ(x) =

1√
2π
e−

x2

2 .

To obtain the measure of every Borel set:

PX : B(R)→ R

A 7→
∫
A
φ(x) dx︸ ︷︷ ︸

Lebesgue integral

.

3.2 Conditional probability

Definition 3.8. Let (Ω,F ,P) be a probability space and B ∈ F with
P(B) > 0. For each A ∈ F we define the conditional probability of A given
the event B by

P(A|B) =
P(A ∩B)

P(B)
.

Remark. The function

PB : F → R

A 7→ P(A|B)

is a probability measure on (Ω,F ).

Suppose A1, A2, . . . , An ∈ F and Ω =
⊎n

k=1Ak. If A ∈ F , then

P(A) =
n∑

k=1

P(A ∩Ak).

If, in addition, P(A1), . . . ,P(An) > 0, then (law of total probability)

P(A) =
n∑

k=1

P(A|Ak)P(Ak).
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3.3 Discrete random vectors

Let (Ω,F ,P) be a probability space and X : Ω→ Rn a random vector. We
say that X is a discrete random vector when there exists a countable set
A ⊂ Rn such that

P(X ∈ A) = 1.

Definition 3.9. Probability mass function. The probability mass func-
tion of a discrete random vector is defined by

PX : A→ R

x 7→ P{X = x}

or, equivalently,

PX : Rn → R

x 7→ P{X = x}.

3.4 Mean or expectation

Let (Ω,F ,P) be a probability space and X a discrete random variable, with
A ⊂ R countable such that P(X ∈ A) = 1:

1. if A = {x1, . . . , xn}, then E[X] =
∑n

k=1 xkPX(xk);

2. if A = {x1, x2, . . . }, then E[X] =
∑∞

k=1 xkPX(xk).

If all the xk are ≥ 0, or all are ≤ 0, the expectation is well defined (possibly
with an infinite value). In general, set

I = {k ∈ Z+ : xk ≥ 0}

J = {k ∈ Z+ : xk ≤ 0}

SI =
∑
k∈I

xkPX(xk)︸ ︷︷ ︸
≥0

SJ =
∑
k∈J

xkPX(xk)︸ ︷︷ ︸
≤0

.
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If at least one of SI , SJ is finite, we put E[X] = SI + SJ . If SI = +∞ and
SJ = −∞, the expectation E[X] is not defined. We say that X is integrable
when both are finite, that is, when

∑
k |xk|PX(xk) <∞.

Proposition 3.10. Let (Ω,F ,P) be a probability space, X,Y discrete ran-
dom variables and α ∈ R. Then:

1. αX is a discrete r.v. and E[αX] = αE[X].

2. X + Y is a discrete r.v. and E[X + Y ] = E[X] + E[Y ].

3. If X ≤ Y , then E[X] ≤ E[Y ], provided both expectations are defined.

4. If g : R → R is Borel measurable, then g(X) is a discrete r.v. and
E[g(X)] =

∑
k g(xk)PX(xk), the sum being finite or infinite as the

case may be.

Proof. Item by item:

1. If α ̸= 0, then E[αX] =
∑∞

k=1(αxk)pk = α
∑∞

k=1 xkpk = αE[X]. If
α = 0, then αX ≡ 0 and E[0] = 0 = 0 · E[X].

2. Summing twice:

E[X + Y ] =
∑
x

∑
y

(x+ y)p(x, y)

=
∑
x

∑
y

[xp(x, y) + yp(x, y)]

=
∑
x

∑
y

xp(x, y) +
∑
x

∑
y

yp(x, y)

=
∑
x

x
∑
y

p(x, y) +
∑
y

y
∑
x

p(x, y)

=
∑
x

xpX(x) +
∑
y

ypY (y)

= E[X] + E[Y ].
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Here,

p(x, y) = P(X = x, Y = y)

pX(x) = P(X = x) =
∑
y

p(x, y)

pY (y) = P(Y = y) =
∑
x

p(x, y).

3. If X ≤ Y , then Y −X ≥ 0 and hence (y− x)p(x, y) ≥ 0 for every pair
(x, y) with p(x, y) > 0. Therefore,

0 ≤
∑
x

∑
y

(y − x)p(x, y) = E[Y ]− E[X].

4. By definition, together with Proposition 4.2(4), proved in the next
lecture.

4 Lecture 4

Lemma 4.1. Let X be a discrete r.v. with finite mean, written as

X =
∞∑
i=1

ci1Ai .

Then

E[X] =
∞∑
i=1

ciP(Ai).

Proof. Here the Ai are pairwise disjoint with
⋃

iAi = Ω, so that X takes
values in the countable set {c1, c2, . . . } and Ai = X−1({ci}). Hence pi :=
PX(ci) = P(Ai) and

E[X] =

∞∑
i=1

cipi =

∞∑
i=1

ciP(Ai).

This follows from

X−1{ci} = Ai =⇒ P ◦X−1{ci} = PX(ci) = P(Ai).
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Proposition 4.2. (This is Proposition 3.10; we restate it because we now
prove it again, this time starting from the representation of a discrete r.v. as
a combination of indicator functions.) Let (Ω,F ,P) be a probability space,
X,Y discrete random variables and α ∈ R. Then:

1. αX is a discrete r.v. and E[αX] = αE[X].

2. X + Y is a discrete r.v. and E[X + Y ] = E[X] + E[Y ].

3. If X ≤ Y , then E[X] ≤ E[Y ], provided both expectations are defined.

4. If g : R → R is Borel measurable, then g(X) is a discrete r.v. and
E[g(X)] =

∑
k g(xk)PX(xk), the sum being finite or infinite as the

case may be.

Proof. Item by item:

1. Write X =
∑∞

k=1 xk1Ak
and Y =

∑∞
j=1 yj1Bj , where Ak = X−1({xk})

and Bj = Y −1({yj}). Then

αX =
∞∑
k=1

(αxk)1Ak
,

E[αX] =
∞∑
k=1

(αxk)P(Ak)

= α
∞∑
k=1

xkP(X−1{xk}) = α
∞∑
k=1

xkPX(xk) = αE[X].

2. We have X + Y =
∑∞

k=1 xk1Ak
+
∑∞

j=1 yj1Bj , hence

E[X + Y ] =

∞∑
k=1

∞∑
j=1

(xk + yj)P(X = xk, Y = yj)

=

∞∑
k=1

∞∑
j=1

xkP(X = xk, Y = yj) +

∞∑
k=1

∞∑
j=1

yjP(X = xk, Y = yj)

=
∞∑
k=1

xkP(Ak) +
∞∑
j=1

yjP(Bj)

= E[X] + E[Y ].
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3. Since
∑

j≥1 1Bj = 1 and
∑

k≥1 1Ak
= 1, we may always write

X =

( ∞∑
k=1

xk1Ak

)
·

∞∑
j=1

1Bj =
∑
k,j≥1

xk1Ak∩Bj

and, in the same way,

Y =
∑
k,j≥1

yj1Ak∩Bj ,

where in both sums it suffices to consider the pairs (k, j) with Ak∩Bj ̸=
∅. Picking ω ∈ Ak ∩Bj gives xk = X(ω) ≥ Y (ω) = yj (for the reverse
inequality, swap the roles of X and Y ), whence∑

k,j≥1

yjP(Ak ∩Bj) ≤
∑
k,j≥1

xkP(Ak ∩Bj).

4. From X =
∑∞

k=1 xk1Ak
we get g(X) =

∑∞
k=1 g(xk)1Ak

, so that

E[g(X)] =
∞∑
k=1

g(xk)P(Ak).

Definition 4.3. Let X : Ω → Rn, n ≥ 1, be a random vector. We define
the moment generating function

MX : Rn → R, MX(t) = E[e⟨t,X⟩],

and the characteristic function

ΦX : Rn → C, ΦX(t) = E[ei⟨t,X⟩].

Theorem 4.4. Let X : Ω→ R be a random variable. Then

1. M (k)
X (0) = E[Xk] for k = 1, 2, 3, . . . , provided MX is finite on a neigh-

bourhood of 0;

2. Φ
(k)
X (t) = E[(iX)keitX ] for k = 1, 2, . . . and t ∈ R, provided E[|X|k] <
∞.
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Definition 4.5. Let X : Ω → R be a discrete r.v. with E[X2] < ∞. The
variance of X is defined by

Var(X) = E[(X − E[X])2],

and the standard deviation of X by

σX =
√

Var(X).

Proposition 4.6. Let X be a discrete r.v. with E[X2] <∞.

1. If c ∈ R, then Var(cX) = c2Var(X).

2. If c ∈ R, then Var(X + c) = Var(X).

3. Var(X) = E[X2]− (E[X])2.

Proof. Item by item.

1. Since E[cX] = cE[X],

E[(cX − E[cX])2] = E[(c(X − E[X]))2] = c2 E[(X − E[X])2].

2. Since E[X + c] = E[X] + c, we get

E[(X + c− E[X + c])2] = E[(X − E[X])2].

3. Finally,

E[(X − E[X])2] = E[X2 − 2XE[X] + E[X]2]

= E[X2]− E[2XE[X]] + E[E[X]2]

= E[X2]− 2E[X]E[X] + E[X]2

= E[X2]− E[X]2.
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4.1 Independence of discrete random vectors

Let Xλ : Ω→ Rnλ , λ ∈ Λ, be discrete random vectors. We say that they are
independent when

P(Xλ1 = x1, . . . , Xλk
= xk) =

k∏
i=1

P{Xλi
= xi},

for all k ≥ 2, all λ1, . . . , λk ∈ Λ pairwise distinct and all xj ∈ Rnλj .

Definition 4.7. Bernoulli distribution. Let p ∈ (0, 1). We write X ∼
Be(p) if P{X = 1} = p and P{X = 0} = 1 − p; that is, PX(1) = p and
PX(0) = 1− p. Then

E[X] = p

Var(X) = E[X2]− E[X]2 = p− p2 = p(1− p)

MX(s) = E[esX ] = pes + (1− p).

Definition 4.8. Binomial distribution. Let n ∈ N and p ∈ (0, 1). Let
X be the number of successes in n independent Bernoulli trials, each with
success probability p. We write X ∼ B(n, p), and

P(X = k) =

(
n

k

)
pk(1− p)n−k, k = 0, 1, . . . , n.

Proposition 4.9. One has

1. E[X] = np;

2. Var(X) = np(1− p);

3. MX(s) = (pes + 1− p)n.

27



Proof. First,

E[X] =
n∑

k=0

k
n!

k!(n− k)!
pk(1− p)n−k

=

n∑
k=1

n!

(n− k)!(k − 1)!
pk(1− p)n−k

= np

n∑
k=1

(
n− 1

k − 1

)
pk−1(1− p)(n−1)−(k−1)

= np

n−1∑
j=0

(
n− 1

j

)
pj(1− p)(n−1)−j

= np,

the last equality being the binomial theorem. Next,

E[X2] =
n∑

k=0

k2
(
n

k

)
pk(1− p)n−k

=

n∑
k=1

kn

(
n− 1

k − 1

)
pk(1− p)(n−1)−(k−1)

= np

n∑
k=1

k

(
n− 1

k − 1

)
pk−1(1− p)(n−1)−(k−1)

= np

n−1∑
j=0

(j + 1)

(
n− 1

j

)
pj(1− p)(n−1)−j

= np

n−1∑
j=0

j

(
n− 1

j

)
pj(1− p)(n−1)−j +

n−1∑
j=0

(
n− 1

j

)
pj(1− p)(n−1)−j


= np ((n− 1)p+ 1)

= n2p2 + np(1− p),

where in the penultimate step we used that the first sum is the mean of a
B(n − 1, p) variable, namely (n − 1)p, and that the second sum equals 1.
Hence

Var(X) = np(1− p) + n2p2 − (np)2 = np(1− p).
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Finally,

MX(s) = E[esX ]

=

n∑
k=0

(
n

k

)
pk(1− p)n−kesk

=
n∑

k=0

(
n

k

)
(esp)k(1− p)n−k

= (esp+ (1− p))n.

Definition 4.10. Geometric distribution. If the discrete random vari-
able X models the total number of trials up to and including the first success
in a sequence of independent Bernoulli trials, each with success probability
p, then the probability mass function of X ∼ Geom(p) is

P{X = x} = p(1− p)x−1, x = 1, 2, 3, . . .

The variable Y = X − 1, counting the number of failures before the first
success, satisfies P{Y = k} = p(1−p)k for k = 0, 1, 2, . . . ; we write Y ∼ G(p).
Both conventions are in common use and it pays to keep them apart: in what
follows, Geom(p) counts trials and G(p) counts failures.

Proposition 4.11. If X ∼ Geom(p), then

1. E[X] = 1/p;

2. Var(X) = 1−p
p2

;

3. MX(t) =
pet

1− (1− p)et
, for t < − ln(1− p).
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Proof. Write q = 1− p ∈ (0, 1). Then

E[X] =

∞∑
x=1

xpqx−1

= p
∞∑
x=1

d

dq
(qx)

= p
d

dq

( ∞∑
x=1

qx

)

= p
d

dq

(
q

1− q

)
=

p

(1− q)2
=

1

p
,

where interchanging the derivative and the series is legitimate because the
power series converges uniformly on compact subsets of (−1, 1).

For the variance we use the factorial moment. First,

Var(X) = E[X2]− E[X]2 = E[X(X − 1)] + E[X]− E[X]2,

by linearity of the expectation. To compute E[X(X − 1)], with q = 1− p,

E[X(X − 1)] =
∑
x≥1

x(x− 1)pqx−1 = pq
∑
x≥2

x(x− 1)qx−2

= pq
∑
x≥2

d2

dq2
(qx) = pq

d2

dq2

∑
x≥0

qx


= pq

d2

dq2

(
1

1− q

)
= pq

d

dq

(
1

(1− q)2

)
= pq

2

(1− q)3
=

2(1− p)
p2

.

Therefore,

Var(X) =
2(1− p)
p2

+
1

p
− 1

p2
=

2(1− p) + p− 1

p2
=

1− p
p2

.
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Lastly, for t < − ln(1− p) we have (1− p)et < 1 and

MX(t) = E[etX ] =
∞∑
x=1

p(1− p)x−1etx

=
p

1− p

∞∑
x=1

(
(1− p)et

)x
=

p

1− p
· (1− p)et

1− (1− p)et

=
pet

1− (1− p)et
.

Definition 4.12. Negative binomial distribution. Let r ∈ N and p ∈
(0, 1). Let X be the number of failures accumulated before the r-th success,
in a sequence of independent Bernoulli trials with parameter p. We write
X ∼ NB(r, p), and

P(X = k) =

(
r + k − 1

k

)
pr(1− p)k, k = 0, 1, 2, . . .

With this convention the total number of trials performed is X + r, and the
case r = 1 recovers the failure-counting geometric distribution: NB(1, p) =

G(p).

Remark. The negative binomial distribution can be seen as a generaliza-
tion of the geometric distribution. Consider a random experiment with two
possible outcomes: success, occurring with probability p, and failure, with
probability 1−p. For instance, rolling a die repeatedly, obtaining a 6 counts
as a success. If we count the failures before the first success, the random
variable follows a geometric distribution with parameter p, denoted G(p),
whose mass function is

P(X = k) = p(1− p)k

for k ∈ {0, 1, 2, . . .}. If we aim for n successes and count the failures before
the n-th success, the random variable follows a negative binomial distribution
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with parameters n and p, denoted NB(n, p). The geometric distribution is
the particular case n = 1, that is, NB(1, p) = G(p). The mass function of
the negative binomial, for k ∈ {0, 1, 2, . . .}, is

P(X = k) =

(
k + n− 1

k

)
pn(1− p)k.

This distribution can be generalized to non-integer values of n by replacing
the factorials with the Gamma function.

Proposition 4.13. If X ∼ NB(r, p), then

1. E[X] = r(1−p)
p ;

2. Var(X) = r(1−p)
p2

;

3. MX(s) = pr (1− (1− p)es)−r, for s < − ln(1− p).

Proof. For (1) and (2) it suffices to note that if X ∼ NB(r, p), then X =∑r
i=1 Yi with Y1, . . . , Yr independent and Yi ∼ G(p); since E[Yi] = (1− p)/p

and Var(Yi) = (1− p)/p2, the claim follows from linearity of the expectation
and additivity of the variance over independent summands.

As for the moment generating function, we use the identity(
−r
y

)
= (−1)y

(
r + y − 1

y

)
, y = 0, 1, 2, . . .

Then

MX(t) =
∞∑
y=0

ety
(
r + y − 1

y

)
(1− p)ypr

= pr
∞∑
y=0

(
r + y − 1

y

)(
et(1− p)

)y
= pr

∞∑
y=0

(
−r
y

)(
−et(1− p)

)y
.

If t < − ln(1− p), then |et(1− p)| < 1, and the binomial series (1 + x)−r =∑∞
y=0

(−r
y

)
xy, valid for |x| < 1, gives

MX(t) =
pr

(1− (1− p)et)r
.

32



33



5 Lecture 5

Suppose we have N numbered balls: 1, 2, . . . , N . We are going to draw n of
them sequentially. Then

Ω = {(a1, a2, . . . , an) : ak = 1, . . . , N, for k = 1, . . . , n}.

Ordered Unordered

With replacement |Ω| = Nn |Ω| =
(
N+n−1
N−1

)
=
(
N+n−1

n

)
Without replacement |Ω| = N !

(N−n)! |Ω| = N !
(N−n)!n! =

(
N
n

)
Table 1: Cardinality of Ω.

Remark. The only formula that is not immediate is the one for unordered
selections with replacement. To understand it one uses the “stars and bars”
argument: a selection is determined by the multiplicities x1, . . . , xN ≥ 0 with∑

i xi = n, and each multiplicity vector is encoded as a row of n boxes (□)
and N − 1 separators (•). There are

(
N+n−1

n

)
ways to choose the positions

of the boxes among the N + n− 1 available slots.

1→ x1

...

N → xN

with x1, . . . , xN ≥ 0 such that
∑

i xi = n:

□ · · ·□︸ ︷︷ ︸
x1

•□ · · ·□︸ ︷︷ ︸
x2

• · · · •□ · · ·□︸ ︷︷ ︸
xN︸ ︷︷ ︸

N+n−1

Along a sequence (a tree),

P(A1 ∩B2 ∩ C2 ∩D2) = P(A1)P(B2|A1)P(C2|A1 ∩B2)P(D2|A1 ∩B2 ∩ C2).
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Example 5.1. Birthday problem. In a classroom with n people, what is
the probability that two of them share a birthday? Assuming 365 equally
likely days and independence across people,

pn =
365n − 365 · 364 · · · (366− n)

365n
= 1−

n−1∏
j=1

(
1− j

365

)
.

For instance,

n 22 23 40 64

pn 0.476 0.507 0.891 0.997

5.1 Multinomial distribution

Consider r possible types of outcome in an experiment. We perform the
experiment n consecutive times, independently. Let

X = (X1, . . . , Xr),

where Xk is the number of outcomes of type k obtained in the n experiments.
Then

P{X = (n1, . . . , nr)} =
n!

n1! · · ·nr!
pn1
1 · · · p

nr
r ,

where n1, . . . , nr ≥ 0 and
∑

i ni = n. Here pk is the probability of obtaining
an outcome of type k in a single trial, and n!

n1!···nr!
is the multinomial coeffi-

cient, which counts the number of ways in which n trials can be distributed
among r outcome categories, correcting for indistinguishable permutations
within each category.

The factorial n! represents all the ways in which n events could be ordered
if they were distinct. However, since we are interested in outcomes with nk

indistinguishable results of type k, we must correct this count by dividing
by nk! for each k, the number of ways of ordering nk identical events. This
prevents overcounting sequences that are indistinguishable from one another.

The product pn1
1 · · · pnr

r is the joint probability of obtaining one specific
sequence of outcomes, under the assumption that the trials are independent.
Since the multinomial distribution generalizes the binomial distribution to
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more than two categories, this product is the natural extension of the prob-
ability of a sequence of Bernoulli trials.

Indeed, the multinomial coefficient admits the telescoping factorization(
n

n1

)(
n− n1
n2

)
· · ·
(
n− n1 − · · · − nr−1

nr

)
=

n!

n1! · · ·nr!
,

which corresponds to first choosing the n1 trials of type 1, then the n2 of
type 2 among the remaining ones, and so on. Each specific sequence has
probability pn1

1 · · · pnr
r .

Remark. One has
n∑

k=0

(
n

k

)
= 2n = (1 + 1)n

and

(a+ b)n =

n∑
k=0

(
n

k

)
︸︷︷︸

ways to place k letters b and n−k letters a in a row of length n

an−kbk.

Exercise 5.2. Prove that
n∑

k=0

(
n

k

)2

=

(
2n

n

)
,

n∑
k=0

k(k − 1)

(
n

k

)
= n(n− 1)2n−2.

Proof. For the first identity, note that

(1 + x)2n =

2n∑
k=0

(
2n

k

)
xk

=

(
2n

0

)
+ · · ·+

(
2n

n

)
xn + · · ·+

(
2n

2n

)
x2n.

On the other hand,

(1 + x)n(1 + x)n =

[
n∑

k=0

(
n

k

)
xk

]2
.

36



Expanding the product, the coefficient of xn is

n∑
k=0

(
n

k

)(
n

n− k

)
=

n∑
k=0

(
n

k

)2

.

This can also be seen combinatorially: split a set of 2n elements into two
blocks of n elements and choose n elements in total. Taking k from the first
block and n − k from the second, for k = 0, . . . , n, yields

∑n
k=0

(
n
k

)(
n

n−k

)
selections.

For the second identity,

(1 + x)n =

n∑
k=0

(
n

k

)
xk

n(1 + x)n−1 =

n∑
k=1

k

(
n

k

)
xk−1

(n− 1)n(1 + x)n−2 =
n∑

k=2

k(k − 1)

(
n

k

)
xk−2

(n− 1)n2n−2 =
n∑

k=2

k(k − 1)

(
n

k

)
,

where the last step is obtained by evaluating at x = 1.
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6 Lecture 6

Vandermonde’s identity. For m,n, t ∈ N,

min{t,m}∑
k=max{0,t−n}

(
m

k

)(
n

t− k

)
=

(
m+ n

t

)
.

Interpretation: to choose t elements from a set of m+n split into two blocks
of sizes m and n, choose k from the first and t−k from the second. With the
convention

(
α
k

)
= α(α−1)···(α−k+1)

k! , the identity remains valid for m,n ∈ R.

Proposition 6.1. Markov’s inequality. Let X be a nonnegative r.v. and
ε > 0. Then

P{X ≥ ε} ≤ E[X]

ε
.

Proof. One has∫
Ω
X dP =

∫
{X≥ε}

X dP+

∫
{X<ε}

X dP ≥ ε
∫
{X≥ε}

dP︸ ︷︷ ︸
=P{X≥ε}

.

Corollary 6.2. Chebyshev’s inequality. One has

P(|X − E[X]| ≥ ε) ≤ Var(X)

ε2
.

It suffices to apply Markov’s inequality to the nonnegative r.v. (X −E[X])2

at level ε2, noting that E[(X − E[X])2] = Var(X) and that {|X − E[X]| ≥
ε} = {(X − E[X])2 ≥ ε2}.

Example 6.3. LetX1, . . . , Xn be independent r.v.’s with distributionBe(p).
Then Sn =

∑n
i=1Xi ∼ B(n, p) and

P
(∣∣∣∣Snn − p

∣∣∣∣ ≥ ε) = P

|Sn − np︸︷︷︸
=E[Sn]

| ≥ nε

 ≤ Var(Sn)

n2ε2
=
p(1− p)
nε2

.

This is the weak law of large numbers for the Bernoulli scheme.
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Weierstrass approximation theorem (via Bernstein polynomials).
Let f : [0, 1]→ R be continuous. For each n ∈ Z+ set

Bn : [0, 1]→ R, Bn(p) =
n∑

k=0

f

(
k

n

)(
n

k

)
pk(1− p)n−k.

We claim that Bn → f uniformly on [0, 1]. Since f is continuous on the
compact set [0, 1], there exists M > 0 with |f(x)| ≤M for all x ∈ [0, 1], and
f is uniformly continuous. Since

∑n
k=0

(
n
k

)
pk(1− p)n−k = 1,

|f(p)−Bn(p)| =

∣∣∣∣∣
n∑

k=0

[
f(p)− f

(
k

n

)](
n

k

)
pk(1− p)n−k

∣∣∣∣∣ .
Fix ε > 0. By uniform continuity there is δ > 0 such that, for all x, y ∈ [0, 1],

|x− y| < δ =⇒ |f(x)− f(y)| < ε.

Write A = {k ∈ {0, . . . , n} : |p− k/n| < δ}. Then

|f(p)−Bn(p)| ≤
∑
k∈A

∣∣∣∣f(p)− f (kn
)∣∣∣∣ (nk

)
pk(1− p)n−k

+
∑
k∈Ac

∣∣∣∣f(p)− f (kn
)∣∣∣∣ (nk

)
pk(1− p)n−k

≤ ε
∑
k∈A

(
n

k

)
pk(1− p)n−k + 2M

∑
k∈Ac

(
n

k

)
pk(1− p)n−k

≤ ε+ 2M P
(∣∣∣∣Snn − p

∣∣∣∣ ≥ δ)
≤ ε+ 2Mp(1− p)

nδ2

≤ ε+ M

2nδ2
,

where Sn ∼ B(n, p), the penultimate step uses Chebyshev’s inequality (pre-
vious example) and the last one uses p(1− p) ≤ 1/4. Since the bound does
not depend on p and ε > 0 was arbitrary, Bn → f uniformly on [0, 1].
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6.1 (Absolutely) continuous random vectors

Let X : Ω → Rn be a random vector. We say that X is an absolutely
continuous random vector when there exists a function f : Rn → [0,∞) such
that

P{X ≤ a} =
∫ a1

−∞
dx1

∫ a2

−∞
dx2 · · ·

∫ an

−∞
dxn f(x1, . . . , xn), ∀ a ∈ Rn.

Remark. The function f is called the density function of the random vector
X.

PX(A) = P{X ∈ A} =
∫
A
f(x) dx, ∀ A ∈ B(Rn).

Notation. We write

dPX = f(x) dx, f(x) =
dPX

dx
,

and say that f is the Radon–Nikodym derivative of PX with respect to
Lebesgue measure dx.

Remark. One has ∫
Rn

f(x) dx = 1.

Let X : Ω → R be an absolutely continuous r.v. with density f . When
the integral

∫
R |x|f(x) dx is finite, we say that X is integrable and define

E[X] =

∫
R
xf(x) dx.

Proposition 6.4. If X : Ω → R is a continuous r.v. with density f and
g : R→ R is Borel measurable with

∫
R |g(x)|f(x) dx <∞, then

E[g(X)] =

∫
R
g(x)f(x) dx.

6.2 Classical (absolutely) continuous distributions

1. Normal distribution: X ∼ N (µ, σ2), f(t) = 1√
2πσ

e−
(t−µ)2

2σ2 , E[X] = µ,

Var(X) = σ2 and M(s) = eµs+
σ2s2

2 .
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2. Uniform distribution: X ∼ U([a, b]),

f(t) =

 1
b−a , if t ∈ [a, b],

0, otherwise,

E[X] = a+b
2 , Var(X) = (b−a)2

12 , M(s) = esb−esa

s(b−a) .

3. Exponential distribution: X ∼ exp(λ),

f(t) =

λe−λt, if t ≥ 0,

0, if t < 0,

E[X] = 1
λ , Var(X) = 1

λ2 and M(s) = λ
λ−s for s < λ.

6.3 Almost sure occurrence

Fix a probability space (Ω,F ,P) and consider a property P(ω) that each
ω ∈ Ω may or may not satisfy. We say that P holds almost surely (a.s.)
when there exists A ∈ F such that P(ω) holds for every ω ∈ A and P(Ac) =

0 (equivalently, P(A) = 1).

Example 6.5. Let X,Y : Ω→ R be random variables. We say that X ≥ Y
a.s. if there exists A ∈ F with P(A) = 1 such that X(ω) ≥ Y (ω) for all
ω ∈ A. Note that

{ω ∈ Ω : X(ω) ≥ Y (ω)} = (X − Y )−1([0,∞)) ∈ F .
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7 Lecture 7

7.1 Distribution function

Let X : Ω→ Rn be a random vector. The distribution function of X is the
function F : Rn → R given by

FX(a) = P{X ≤ a} = PX((−∞, a]),

where {X ≤ a} = {ω ∈ Ω : X(ω) ≤ a}.

Proposition 7.1. Let X be a random variable. Then

1. 0 ≤ FX(t) ≤ 1 for all t ∈ R;

2. FX is non-decreasing; in particular, left-hand limits of FX exist;

3. FX is right-continuous;

4. limt→−∞ FX(t) = 0 and limt→∞ FX(t) = 1.

Proof. Item by item:

1. By definition, since P(A) ∈ [0, 1] for every A.

2. If s < t, then

FX(s) = PX((−∞, s]) ≤ PX((−∞, t]) = FX(t).

3. Fix a ∈ R. We want to show that limt→a+ FX(t) = FX(a). It suffices to
show that if tn ↓ a (tn decreasing with tn > a), then limn→∞ FX(tn) =

FX(a). We have

FX(tn) = PX((−∞, tn])

FX(a) = PX((−∞, a]).

Put An = (−∞, tn]. Then A = (−∞, a] =
⋂

n∈NAn and, since An+1 ⊂
An, we have An ↓ A. As limn PX(An) = PX(A), the claim follows. It
is worth asking why the “left-hand” argument fails: if we take tn ↑ a
and An = (−∞, tn], then

⋃
n∈NAn = (−∞, a) ̸= A.
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4. We have limt→−∞ FX(t) = 0 if and only if limn FX(tn) = 0 for every se-
quence tn → −∞. We may assume tn decreasing; with Bn = (−∞, tn]
we get Bn ↓

⋂
n∈NBn = ∅, so limn PX(Bn) = PX(∅) = 0. The argu-

ment for limt→∞ FX(t) = 1 is analogous, using increasing sets whose
union is R.

Remark. The law of the random vector X determines FX . Moreover, FX

characterizes the law PX of X.

Remark. If the random vectors X,Y : Ω → Rn have the same distribution
function, then they have the same distribution (law).

{Distributions on (Rn,B(Rn))}︸ ︷︷ ︸
probability measures

←→ {Distribution functions on Rn}︸ ︷︷ ︸
with the properties above

.

7.2 Independence of events

Fix a probability space (Ω,F ,P) and let Aλ, λ ∈ Λ, be events. We say that
the events are independent when

P

(
n⋂

k=1

Aλk

)
=

n∏
k=1

P(Aλk
),

for every n ∈ Z+ and all pairwise distinct λ1, . . . , λn ∈ Λ.

Example 7.2. Let A,B ∈ F . Then A and B are independent if and only
if P(A ∩B) = P(A)P(B).

Example 7.3. Let A,B,C ∈ F . Then A, B and C are independent if and
only if

1. P(A ∩B) = P(A)P(B);

2. P(A ∩ C) = P(A)P(C);

3. P(B ∩ C) = P(B)P(C);
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4. P(A ∩B ∩ C) = P(A)P(B)P(C).

Note that the first three conditions alone (pairwise independence) do not
imply the fourth.

7.3 Limit superior and limit inferior of a sequence of sets

Let A1, A2, A3, . . . be a sequence of sets. We define

lim supAn =
∞⋂
n=1

∞⋃
k=n

Ak and lim inf An =
∞⋃
n=1

∞⋂
k=n

Ak.

1. If ω ∈ lim supAn, then ω ∈
⋃

k≥nAk for every n ∈ N. Hence ω ∈ Ak

for infinitely many k.

2. If ω ∈ lim inf An, then ω ∈
⋂

k≥mAk for some m ∈ N; that is, ω ∈ Aj

for every j ≥ m. Hence ω /∈ Ak for at most finitely many indices k.

Proposition 7.4. One has

1. lim inf An ⊂ lim supAn;

2. if Bn =
⋃

k≥nAk, then Bn ↓ lim supAn;

3. if Cn =
⋂

k≥nAk, then Cn ↑ lim inf An;

4. lim supAn = {ω ∈ Ω : ω belongs to infinitely many Ak};

5. lim inf An = {ω ∈ Ω : ω /∈ Ak for at most finitely many k}.

Definition 7.5. We say that the sequence An is convergent if lim inf An =

lim supAn.

Example 7.6. Let Ω = R and An =
(
− 1

n , n
]
. Then

lim supAn = [0,∞).

Indeed,
⋃

k≥nAk = (−1/n,∞) and the intersection over n is [0,∞). More-
over,

⋂
k≥nAk = [0, n], so that

lim inf An = [0,∞).
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That is,
lim inf An = lim supAn.

1 0 1 2 3 4
x

Representación gráfica de los intervalos ( 1/n, n]
Intervalos

A1
A2
A3
A4

Figure 1: The intervals An.

Example 7.7. Let Ω = R and

An =

[0, n), if n is odd,

(−n, 0), if n is even.

Then lim supAn = R and lim inf An = ∅.
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6 4 2 0 2 4 6
x

Representación gráfica de los intervalos An

Intervalos
A1
A2
A3
A4
A5
A6

Figure 2: The intervals An of the second example.
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8 Lecture 8

Lemma 8.1. First Borel–Cantelli lemma. Let A1, A2, . . . be a sequence
of events with

∑
n P(An) <∞. Then

P (lim supAn) = 0.

Proof. By definition,

P (lim supAn) = P


∞⋂
n=1

∞⋃
k=n

Ak︸ ︷︷ ︸
=Bn

 = lim
n

P(Bn),

since Bn ↓ lim supAn. Now

0 ≤ P(Bn) = P

( ∞⋃
k=n

Ak

)
≤

∞∑
k=n

P(Ak) −−−→
n→∞

0,

as this is the tail of a convergent series. Hence

P (lim supAn) = 0.

Lemma 8.2. Second Borel–Cantelli lemma. Let A1, A2, . . . be a se-
quence of independent events with

∑
n P(An) =∞. Then

P (lim supAn) = 1.

Proof. Let Bn =
⋃

k≥nAk, so that Bn ↓ lim supAn and P(lim supAn) =

limn P(Bn). We shall prove that P(Bn) = 1 for every n ≥ 1, which amounts
to proving that P(Bc

n) = 0 for every n ≥ 1. By definition,

P(Bc
n) = P

( ∞⋂
k=n

Ac
k

)
.

Set

Dm =

m⋂
k=n

Ac
k =⇒ Dm ↓

∞⋂
k=n

Ac
k.
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Then, by continuity of the measure and by Exercise 8.3,

P(Bc
n) = lim

m→∞
P(Dm) = lim

m→∞

m∏
k=n

P(Ac
k)

= lim
m→∞

m∏
k=n

[1− P(Ak)]

=

∞∏
k=n

[1− P(Ak)].

Since
∑

k≥n P(Ak) =∞ for every n, Lemma 8.4 gives
∏∞

k=n[1− P(Ak)] = 0.
Hence P(Bn) = 1 for every n, and

P (lim supAn) = lim
n

P(Bn) = 1.

Exercise 8.3. Prove that if the events Aλ, λ ∈ Λ, are independent, then so
are the events Ac

λ, λ ∈ Λ.

Lemma 8.4. Let xk ∈ [0, 1], k = 1, 2, . . . . If
∑∞

k=1 xk =∞, then
∏∞

k=1(1−
xk) = 0.

Proof. On the one hand,
∑∞

k=1 xk is well defined because xk ≥ 0. On the
other hand, the sequence

πm =

m∏
k=1

(1− xk)

is decreasing and bounded below by 0, hence it has a limit. Now, for every
t ∈ R,

et ≥ t+ 1,

so that
e−xk ≥ 1− xk ≥ 0

and
m∏
k=1

e−xk

︸ ︷︷ ︸
=e

−
∑m

k=1
xk

≥
m∏
k=1

(1− xk) ≥ 0.
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Since
lim

m→∞
e−

∑m
k=1 xk = 0,

the conclusion follows.

Lemma 8.5. Let xk ∈ [0, 1), k = 1, 2, . . . . If
∏∞

k=1(1− xk) = 0, then

∞∑
k=1

xk =∞.

Combining with the previous lemma: for xk ∈ [0, 1) one has
∏

k≥1(1−xk) = 0

if and only if
∑

k≥1 xk =∞.

8.1 Independence of σ-algebras

Let (Ω,F ,P) be a probability space and Fλ, λ ∈ Λ, a family of σ-algebras
on Ω contained in F .

Definition 8.6. We say that the σ-algebras Fλ, λ ∈ Λ, are independent
when

P

(
n⋂

k=1

Ak

)
=

n∏
k=1

P(Ak),

for

• every n ∈ Z+ and all pairwise distinct λ1, . . . , λn ∈ Λ,

• all A1 ∈ Fλ1 , . . . , An ∈ Fλn .

Remark. Note that:

1. If the σ-algebras Fλ, λ ∈ Λ, are independent and Aλ ∈ Fλ for every
λ ∈ Λ, then the events Aλ, λ ∈ Λ, are independent.

2. If the σ-algebras Fλ, λ ∈ Λ, are independent and J ⊂ Λ, then the
σ-algebras Fλ, λ ∈ J , are independent.

3. If the σ-algebras Fλ, λ ∈ Λ, are independent and, for each λ ∈ Λ,
Gλ ⊂ Fλ is a σ-algebra on Ω, then the σ-algebras Gλ are independent.
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Definition 8.7. Let Ω be a nonempty set and C a nonempty family of
subsets of Ω. We say that C is a π-system on Ω when

A ∩B ∈ C for all A,B ∈ C .

Remark. If C is a π-system on Ω, then

n⋂
k=1

Ak ∈ C for all n ∈ Z+ and all A1, . . . , An ∈ C .

Theorem 8.8. Let (Ω,F ,P) be a probability space and let Cλ, λ ∈ Λ, be
π-systems on Ω such that

P

(
n⋂

k=1

Ak

)
=

n∏
k=1

P(Ak),

for every n ∈ Z+, all pairwise distinct λ1, . . . , λn ∈ Λ and all Ai ∈ Cλi
. Then

the σ-algebras σ(Cλ), λ ∈ Λ, are independent.

Corollary 8.9. Let Fλ, λ ∈ Λ, be independent σ-algebras and let Ij , j ∈ J ,
be pairwise disjoint subsets of Λ. Then the σ-algebras

σ

⋃
λ∈Ij

Fλ

 , j ∈ J,

are independent.

Proof. For each j ∈ J , set

Cj =

{
n⋂

k=1

Ak : n ∈ Z+, λ1, . . . , λn ∈ Ij , Ai ∈ Fλi

}
.

If A,B ∈ Cj , then A =
⋂n

k=1Ak and B =
⋂m

i=1Bi, with Ak ∈ Fλk
and

Bi ∈ Fµi , where λk, µi ∈ Ij . Then

A ∩B =

n⋂
k=1

Ak ∩
m⋂
i=1

Bi ∈ Cj ,
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so Cj is a π-system for every j ∈ J . If m ∈ N, j1, . . . , jm are pairwise distinct
and A1 ∈ Cj1 , . . . , Am ∈ Cjm , write

A1 =

n1⋂
i=1

Ai
1, n1 ∈ N, λ11, . . . , λ1n1

∈ I1, A1
1 ∈ Fλ1

1
, . . . , An1

1 ∈ Fλ1
n1

...

Am =

nm⋂
i=1

Ai
m, nm ∈ N, λm1 , . . . , λmnm

∈ Im, A1
m ∈ Fλm

1
, . . . , Anm

m ∈ Fλm
nm
.

Then

P

(
m⋂
k=1

Ak

)
= P

 ⋂
1≤k≤m, 1≤i≤nk

Ai
k

 =
∏

1≤k≤m, 1≤i≤nk

P(Ai
k)

=
m∏
k=1

nk∏
i=1

P(Ai
k) =

m∏
k=1

P

(
nk⋂
i=1

Ai
k

)
=

m∏
k=1

P(Ak).

By the previous theorem, the σ-algebras σ(Cj) are independent. Set Gj =⋃
λ∈Ij Fλ. Since Gj ⊂ Cj ⊂ σ(Gj) (the first inclusion by taking n = 1, the

second because Cj consists of finite intersections of elements of Gj), it follows
that

σ(Cj) = σ(Gj) = σ

⋃
λ∈Ij

Fλ

 ,

which is what we wanted.

Exercise 8.10. Let F1,F2, . . . be independent σ-algebras. Then

1. σ
(⋃

k≥1 F2k

)
and σ

(⋃
k≥0 F2k+1

)
are independent.

2. F1, σ(F2 ∪F3), σ(F4 ∪F5 ∪F6), . . . are independent.

3. If A1 ∈ F1, A2 ∈ F2 and A3 ∈ F3, then A1 ∪A2 and A3 are indepen-
dent. Indeed, A1 ∪A2 ∈ σ(F1 ∪F2).
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8.2 σ-algebras generated by random vectors

Let (Ω,F ,P) be a probability space. If X : Ω→ Rn is a random vector, the
σ-algebra generated by X is defined by

σ(X) = {X−1(B) : B ∈ B(Rn)}︸ ︷︷ ︸
already a σ-algebra

.

If Xλ : Ω → Rnλ , λ ∈ Λ, are random vectors, the σ-algebra generated by
{Xλ : λ ∈ Λ} is defined by

σ({Xλ : λ ∈ Λ}) = σ
(
{X−1

λ (B) : λ ∈ Λ, B ∈ B(Rnλ)}
)
.

8.3 Independence of random vectors

Let (Ω,F ,P) be a probability space and Xλ : Ω → Rnλ , λ ∈ Λ, random
vectors. We say that the Xλ, λ ∈ Λ, are independent when the σ-algebras
σ(Xλ), λ ∈ Λ, are independent.

Remark. Let Xλ : Ω → Rmλ , λ ∈ Λ, be random vectors. The following are
equivalent:

a) Xλ, λ ∈ Λ, are independent random vectors.

b) For every n ∈ Z+, all pairwise distinct λ1, . . . , λn ∈ Λ and all B1 ∈
B(Rmλ1 ), . . . , Bn ∈ B(Rmλn ),

P(Xλ1 ∈ B1, . . . , Xλn ∈ Bn) =

n∏
k=1

P(Xλk
∈ Bk).

c) For every n ∈ Z+, all pairwise distinct λ1, . . . , λn ∈ Λ and all a1 ∈
Rmλ1 , . . . , an ∈ Rmλn ,

P(Xλ1 ≤ a1, . . . , Xλn ≤ an) =
n∏

k=1

P(Xλk
≤ ak).

Proposition 8.11. If the random vectors Xλ, λ ∈ Λ, are independent and
Bλ ∈ B(Rmλ) for each λ ∈ Λ, then the events

{Xλ ∈ Bλ}, λ ∈ Λ,

are independent.
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Proposition 8.12. If the random vectors Xλ, λ ∈ Λ, are independent and
J ⊂ Λ, then the random vectors Xλ, λ ∈ J , are independent.

Proposition 8.13. If the random vectors Xλ, λ ∈ Λ, are independent and
the functions fλ : Rmλ → R are Borel measurable, then the random variables
fλ(Xλ), λ ∈ Λ, are independent. This is because

σ(fλ ◦Xλ) ⊂ σ(Xλ).
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9 Lecture 9

If the random variables

X
(1)
1 ,X

(1)
2 , · · · , X(1)

n1

X
(2)
1 ,X

(2)
2 , · · · , X(2)

n2

...

X
(k)
1 ,X

(k)
2 , · · · , X(k)

nk

are independent and the functions fj : Rnj → Rmj are Borel measurable,
then the random vectors

gj = fj(X
(j)
1 , . . . , X(j)

nj
)

are independent. Indeed,

X(j) = (X
(j)
1 , . . . , X(j)

nj
)

gj = fj(X
(j))

σ(gj) ⊂ σ(X(j)) = σ
(
(X

(j)
1 , . . . , X(j)

nj
)
)

= σ({X(j)
1 , . . . , X(j)

nj
}).

We know that the σ-algebras

σ({X(j)
1 , . . . , X(j)

nj
}), j = 1, . . . , k,

are independent, whence

=⇒ σ(gj), j = 1, . . . , k, are independent

=⇒ gj , j = 1, . . . , k, are independent.

Example 9.1. Suppose that

X,Y, Z, U, V,W,R, S, T

are independent random variables. Then the random vectors

X + Y + S + T, (Z2, eZ),
UV

U2 + V 2 + 1

are independent, since they are measurable functions of disjoint blocks of
the original variables.
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9.1 Integration

Let (Ω,F , µ) be a measure space, that is,

µ : F → [0,∞]

µ(∅) = 0

A1, A2, · · · ∈ F

Ai ∩Aj = ∅ ∀ i ̸= j : µ

(⋃
k∈N

Ak

)
=

∞∑
k=1

µ(Ak).

Definition 9.2. A function f : Ω → R is measurable if f−1(B) ∈ F for
every B ∈ BR.

Definition 9.3. We say that a measurable function f is simple when f takes
finitely many values; that is, when

f(Ω) = {f(ω) : ω ∈ Ω}

is a finite set.

Definition 9.4. We say that f is a nonnegative function when f(ω) ≥ 0 for
every ω ∈ Ω.

Let f : Ω→ R be measurable, simple and nonnegative. Then

f(Ω) = {x1, . . . , xn},

and setting Ak = f−1({xk}),

Ω =
n⊎

k=1

Ak, A1, . . . , An pairwise disjoint,

with

f(ω) =



x1, if ω ∈ A1,

x2, if ω ∈ A2,
...

xn, if ω ∈ An.
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Hence

f =
n∑

k=1

xk1Ak
.

We define5 ∫
Ω
f dµ =

n∑
k=1

xkµ(Ak).

Remark. We adopt the usual measure-theoretic conventions:

a · ∞ =∞ if a > 0,

a · ∞ = 0 if a = 0.

Proposition 9.5. Let y1, . . . , ym ≥ 0 and let B1, . . . , Bm ∈ F be pairwise
disjoint with

⊎
j Bj = Ω, and set

g =

m∑
j=1

yj1Bj .

Then g is measurable (a linear combination of measurable functions), simple
(it takes at most m values) and nonnegative (yj ≥ 0), and∫

Ω
g dµ =

m∑
j=1

yjµ(Bj).

Moreover, the formula holds even if the Bj are not disjoint: the value of the
integral does not depend on the chosen representation of g.

5The definition mirrors the interpretation of the integral as a weighted average:

1

b− a

∫ b

a

f(x)dx ≃ 1

b− a

n∑
k=1

f(x∗
k)(tk − tk−1)︸ ︷︷ ︸

weighted average

,

where the weights add up to one:

1

b− a

n∑
k=1

(tk − tk−1) = 1 =

n∑
k=1

λk.
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Let f : Ω→ R be a nonnegative measurable function, where

R = R ∪ {−∞,∞}

B(R) = {A = B ∪ C : B ∈ B(R) ∧ C ⊂ {−∞,∞}}.

Definition 9.6. We define∫
Ω
f dµ = sup

{∫
Ω
g dµ : g measurable, simple, nonnegative, and g ≤ f

}
.

Notation. We extend the supremum to R: given A ⊂ R,

sup A =


the usual supremum if A ̸= ∅ and A is bounded above,

+∞ if A ̸= ∅ and A is not bounded above,

−∞ if A = ∅.

Proposition 9.7. Let f : Ω → R be a nonnegative measurable function.
For each n ≥ 1, set

fn(ω) =

n2n−1∑
k=0

k

2n
1f−1([ k

2n
, k+1
2n ))(ω) + n1f−1([n,∞])(ω).

Then fn ↑ f , that is,f1(ω) ≤ f2(ω) ≤ · · · ∀ ω ∈ Ω,

limn→∞ fn(ω) = f(ω) ∀ ω ∈ Ω.

Proposition 9.8. Let f, g : Ω→ R be nonnegative measurable functions.

1. If α ≥ 0, then αf is nonnegative measurable and
∫
αf dµ = α

∫
f dµ.

2. f + g is nonnegative measurable and
∫
(f + g) dµ =

∫
f dµ+

∫
g dµ.

3. If f ≤ g, then
∫
f dµ ≤

∫
g dµ.

Lemma 9.9. For f and g measurable, simple and nonnegative,
∫
(f+g) dµ =∫

f dµ+
∫
g dµ.
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Proof. Write

f =
r∑

i=1

xi1Ai , g =
s∑

j=1

yj1Bj ,

where {Ai}ri=1 and {Bj}sj=1 are measurable partitions of Ω. The sets Ai∩Bj

form a common refinement: they are pairwise disjoint and their union is Ω.
On Ai ∩Bj the function f + g is constant, equal to xi + yj , so that∫

(f + g) dµ =

r∑
i=1

s∑
j=1

(xi + yj)µ(Ai ∩Bj)

=

r∑
i=1

xi

s∑
j=1

µ(Ai ∩Bj) +

s∑
j=1

yj

r∑
i=1

µ(Ai ∩Bj)

=
r∑

i=1

xiµ(Ai) +
s∑

j=1

yjµ(Bj) =

∫
f dµ+

∫
g dµ,

using the finite additivity of µ.

Proof. Item (3) is immediate from the definition of the integral as a supre-
mum, since every nonnegative simple function h ≤ f also satisfies h ≤ g.
Item (1) follows in the same way, noting that h 7→ αh is a bijection between
the nonnegative simple functions dominated by f and those dominated by
αf (for α > 0; the case α = 0 is trivial).

For (2): there exist sequences (fn) and (gn) of nonnegative measurable
simple functions with fn ↑ f and gn ↑ g. By Lemma 9.9,∫

(fn + gn) dµ =

∫
fn dµ+

∫
gn dµ, n ≥ 1.

Since fn ↑ f , gn ↑ g and fn + gn ↑ f + g, Theorem 9.10 lets us pass to the
limit on both sides and conclude that

∫
(f + g) dµ =

∫
f dµ+

∫
g dµ.

Theorem 9.10. Monotone convergence theorem (MCT). Let f, f1, f2, . . .
be nonnegative measurable functions. If fn ↑ f , then

∫
fn dµ→

∫
f dµ.
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10 Lecture 10

Lemma 10.1. Fatou’s lemma. Let (Ω,F , µ) be a measure space and
f1, f2, · · · : Ω→ R nonnegative measurable functions. Then∫

lim inf
n

fn dµ ≤ lim inf
n

∫
fn dµ.

Remark. Set xn =
∫
Ω fn dµ ∈ [0,∞]. Then

lim inf xn = sup
n≥1

inf{xk : k ≥ n} = lim
n→∞

inf{xk : k ≥ n},

so the lim inf of the integrals is well defined. On the other hand,

h(ω) = lim inf
n

fn(ω) ∈ [0,∞]

is a well-defined measurable function.

Exercise 10.2. Let f : Ω→ R be a nonnegative measurable function. Show
that ∫

Ω
f dµ = 0 =⇒ f = 0 a.s.

Example 10.3. On the measure space (R,BR,m), let fn = 1[n,n+1). Then

lim
n
fn = 0,

but
lim
n

∫
fn = lim

n
1 = 1 ̸= 0 =

∫
lim
n
fn.

Example 10.4. Now take ([0, 1],B[0,1],m) and fn = n1(0,1/n), n ≥ 1. Then

lim
n
fn(x) = 0 pointwise on [0, 1],

but
lim
n

∫
[0,1]

fn dx︸ ︷︷ ︸
=nm((0,1/n))=1

= 1 ̸= 0 =

∫
[0,1]

0 dx.

Both examples show that the inequality in Fatou’s lemma may be strict.
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Theorem 10.5. Fix (Ω,F , µ) and let f : Ω→ R be a nonnegative measur-
able function. Then

a) the function ν : F → [0,∞] given by

ν(A) =

∫
Ω
f · 1A dµ

is a measure on (Ω,F );

b) if g : Ω→ R is a nonnegative measurable function, then∫
Ω
g dν =

∫
Ω
g · f dµ.

Proof. Item by item:

a) Clearly ν(∅) =
∫
Ω f ·1∅ dµ = 0. If A1, A2, · · · ∈ F are pairwise disjoint

and A =
⊎

k Ak, then the partial sums f · 1⋃
k≤n Ak

increase to f · 1A,
so by the MCT and finite additivity of the integral,

ν(A) =

∫
Ω
f 1A dµ = lim

n

n∑
k=1

∫
Ω
f 1Ak

dµ =

∞∑
k=1

ν(Ak).

Hence ν is a measure.

b) Suppose first that g is simple and nonnegative: g =
∑n

k=1 xk1Ak
. Then∫

Ω
g dν =

n∑
k=1

xkν(Ak) =
n∑

k=1

xk

∫
Ω
f1Ak

dµ =

∫
Ω
f

n∑
k=1

xk1Ak
dµ.

Now suppose g is nonnegative. There is a sequence gn ↑ g of nonnega-
tive simple functions, and∫

Ω
gn dν =

∫
Ω
gnf dµ.

Since gn ↑ g and gnf ↑ gf , the monotone convergence theorem gives∫
Ω
g dν =

∫
Ω
gf dµ.
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Theorem 10.6. Change of variables. Let (Ω1,F1) and (Ω2,F2) be mea-
surable spaces, f : Ω1 → Ω2 a measurable function and g : Ω2 → R a
nonnegative measurable function.

a) If µ is a measure on (Ω1,F1), then the function ν = µf−1 : F2 →
[0,∞], A 7→ µ(f−1(A)), is a measure on (Ω2,F2).

b)
∫
Ω2
g dν =

∫
Ω1
g ◦ f dµ.

Proof. Item by item:

a) ν(∅) = µ(f−1(∅)) = µ(∅) = 0, and if the Ak ∈ F2 are pairwise disjoint,
so are their preimages f−1(Ak), with f−1(

⊎
k Ak) =

⊎
k f

−1(Ak); the
σ-additivity of ν follows from that of µ.

b) Suppose g =
∑n

k=1 xk1Ak
. Then∫

Ω2

g dν =

n∑
k=1

xkν(Ak) =

n∑
k=1

xkµ(f
−1(Ak))

and ∫
Ω1

g ◦ f︸︷︷︸
=
∑n

k=1 xk1f−1(Ak)

dµ =
n∑

k=1

xkµ(f
−1(Ak)).

Now suppose g is nonnegative. There exists a sequence (gn) of non-
negative measurable simple functions with gn ↑ g, and∫

Ω2

gn dν =

∫
Ω1

gn ◦ f dµ, n ≥ 1.

By the MCT,
∫
Ω2
gn dν →

∫
Ω2
g dν and

∫
Ω1
gn ◦ f dµ →

∫
Ω1
g ◦ f dµ.

Hence ∫
Ω2

g dν =

∫
Ω1

g ◦ f dµ.
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10.1 Integration of measurable functions

Let f : Ω → R be a measurable function. We define the positive part and
the negative part of f ,

f+ : Ω→ R, f− : Ω→ R,

by

f+(ω) =

f(ω), if f(ω) ≥ 0,

0, if f(ω) < 0,

and

f−(ω) =

0, if f(ω) > 0,

−f(ω), if f(ω) ≤ 0.

Remark. The functions φ : R→ R and ψ : R→ R given by

φ(x) = x+ =

x, if x ≥ 0,

0, if x < 0,
and ψ(x) = x− =

0, if x > 0,

−x, if x ≤ 0,

are measurable, and f+ = φ ◦ f , f− = ψ ◦ f . In particular, f+ and f− are
nonnegative measurable functions.

Remark. One has x = x+ − x− and |x| = x+ + x− for every x ∈ R. In
particular, f = f+ − f− and |f | = f+ + f−.

When at least one of the integrals
∫
f+,

∫
f− is finite, we say that the

integral of f with respect to µ is well defined, with value∫
Ω
f dµ =

∫
Ω
f+ dµ−

∫
Ω
f− dµ.

When both
∫
f+ and

∫
f− are finite, we say that f is µ-integrable.

Proposition 10.7. Let f : Ω→ R be a measurable function. Then

f is integrable ⇐⇒
∫
Ω
|f | dµ <∞.

Proposition 10.8. Let f and g be integrable measurable functions.
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1. If c ∈ R, then cf is integrable and∫
cf dµ = c

∫
f dµ.

2. f + g is integrable and
∫
(f + g) dµ =

∫
f dµ+

∫
g dµ.

3. If f ≤ g, then
∫
f dµ ≤

∫
g dµ. In particular,

∣∣∫ f dµ∣∣ ≤ ∫ |f | dµ.

4. If A1, . . . , An ∈ F are pairwise disjoint, then∫
⋃n

k=1 Ak

f dµ =

n∑
k=1

∫
Ak

f dµ.

5. The same holds for a countably infinite family:∫
⋃∞

k=1 Ak

f dµ =
∞∑
k=1

∫
Ak

f dµ.

6. If A1, A2, · · · ∈ F and either An ↓ A or An ↑ A, then

lim
n

∫
An

f dµ =

∫
A
f dµ.

Remark. To prove Proposition 10.8 we use:

• for c > 0: (cf)+ = cf+ and (cf)− = cf−;

• for c < 0: (cf)+ = −cf− and (cf)− = −cf+;

• (f + g)+ ≤ f+ + g+ and (f + g)− ≤ f− + g−;

• if f ≤ g, then f+ ≤ g+ and g− ≤ f−.

Exercise 10.9. Let f, g : Ω→ R be measurable functions. Show that

1. if f = 0 a.s., then
∫
f dµ = 0;

2. if f is integrable and g = f a.s., then g is integrable and
∫
f dµ =∫

g dµ.
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Theorem 10.10. Let f, g, f1, f2, · · · : Ω→ R be measurable functions such
that

1. limn fn = f (it suffices that this hold a.s.);

2. |fn| ≤ g for every n ≥ 1 (it suffices that this hold a.s.);

3. g is integrable.

Then f is integrable and limn

∫
fn dµ =

∫
f dµ. This is the dominated

convergence theorem (DCT).
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11 Lecture 11

Corollary 11.1. Let f1, f2, · · · : Ω→ R be measurable functions such that

∞∑
k=1

∫
|fk| dµ <∞.

Then f =
∑∞

k=1 fk is defined a.s. (the series
∑∞

k=1 fk(ω) converges absolutely
for almost every ω), is finite almost surely and integrable, and∫

f dµ =

∞∑
k=1

∫
fk dµ.

Proof. This follows from the dominated convergence theorem. By the MCT,∫ ∑
k≥1 |fk| dµ =

∑
k≥1

∫
|fk| dµ < ∞, so that g :=

∑
k≥1 |fk| is integrable

and, in particular, finite a.s.; hence the series
∑

k fk(ω) converges absolutely
for almost every ω. Consider the partial sums

SN =
N∑
k=1

fk.

Then |SN | ≤
∑N

k=1 |fk| ≤ g, which is integrable. Therefore

lim
N

∫
SN dµ =

∫
lim
N
SN dµ,

which gives

∞∑
k=1

∫
fk dµ = lim

N

∫
SN dµ︸ ︷︷ ︸

=
∑N

k=1

∫
fk dµ

=

∫ ∞∑
k=1

fk dµ.

Corollary 11.2. Bounded convergence theorem. Let (Ω,F , µ) be a
finite measure space, f, f1, f2, · · · : Ω→ R measurable functions and M > 0

a constant such that

1. |fn| ≤M a.s. for every n ≥ 1;
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2. fn → f a.s.

Then ∫
fn dµ→

∫
f dµ.

Proof. A consequence of the DCT with g ≡ M , since
∫
Ω |g| dµ = Mµ(Ω) <

∞.

Theorem 11.3. Change of measure. Let (Ω,F , µ) be a measure space,
f : Ω → R a nonnegative measurable function, dν = f dµ, and g : Ω → R
measurable. Then

a) g is ν-integrable ⇐⇒ gf is µ-integrable;

b) if g is ν-integrable, then
∫
Ω g dν =

∫
Ω gf dµ.

Theorem 11.4. Change of variables. Let (Ω1,F1) and (Ω2,F2) be mea-
surable spaces, µ a measure on (Ω1,F1), f : Ω1 → Ω2 measurable, ν = µf−1,
and g : Ω2 → R measurable. Then

1. g is ν-integrable ⇐⇒ g ◦ f is µ-integrable;

2. if g is ν-integrable, then
∫
Ω2
g dν =

∫
Ω1
g ◦ f dµ.

11.1 Outer measure

Let Ω be a nonempty set. An outer measure on Ω is a function µ∗ : 2Ω →
[0,∞] such that

1. µ∗(∅) = 0;

2. if A ⊂ B ⊂ Ω, then µ∗(A) ≤ µ∗(B);

3. if A1, A2, · · · ⊂ Ω, then µ∗ (
⋃∞

k=1Ak) ≤
∑∞

k=1 µ
∗(Ak).

Theorem 11.5. Let C be a family of subsets of Ω and µ : C → [0,∞] such
that

1. ∅ ∈ C ;
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2. µ(∅) = 0.

Then the function µ∗ : 2Ω → [0,∞] defined by

µ∗(A) = inf

∑
k≥1

µ(Ck) : C1, C2, · · · ∈ C ∧
⋃
k≥1

Ck ⊃ A


is an outer measure on Ω.

Theorem 11.6. Let Ω be a nonempty set and µ∗ : 2Ω → [0,∞] an outer
measure on Ω. We say that E ⊂ Ω is µ∗-measurable when

µ∗(A) = µ∗(A ∩ E) + µ∗(A ∩ Ec), ∀ A ⊂ Ω.

Then

1. Mµ∗ = {E ⊂ Ω : E is µ∗-measurable} is a σ-algebra on Ω;

2. µ = µ∗
∣∣
Mµ∗

:Mµ∗ → [0,∞] is a measure on (Ω,Mµ∗).

Theorem 11.7. Carathéodory extension theorem. Suppose that

1. C is a semialgebra on Ω; that is, ∅,Ω ∈ C ; if A1, A2 ∈ C , then
A1 ∩ A2 ∈ C ; and if A ∈ C , then Ω − A is a finite union of pairwise
disjoint elements of C ;

2. µ(∅) = 0;

3. if A1, A2, · · · ∈ C are pairwise disjoint and A =
⋃∞

k=1Ak ∈ C , then
µ(A) =

∑∞
k=1 µ(Ak).

Then

a) µ is a complete measure on (Ω,Mµ∗);

b) µ extends µ: C ⊂Mµ∗ and µ(A) = µ(A) for every A ∈ C .
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11.2 Product measure

Let (Ω1,F1, µ1) and (Ω2,F2, µ2) be measure spaces. Write Ω = Ω1 × Ω2 =

{(x, y) : x ∈ Ω1, y ∈ Ω2},

R = {A×B : A ∈ F1, B ∈ F2},

µ0 : R → [0,∞], A×B 7→ µ1(A)µ2(B),

and F = F1 ⊗F2 = σ(R). One has

1. R is a semialgebra on Ω;

2. µ0(∅) = µ1(∅)µ2(∅) = 0;

3. µ0 is σ-additive on R,

so the Carathéodory extension theorem applies and yields a measure on
(Ω,F ) extending µ0; it is unique if µ1 and µ2 are σ-finite. The measure
µ = µ1×µ2 is called the product measure of µ1 and µ2, and (Ω,F , µ) is the
product measure space of (Ω1,F1, µ1) and (Ω2,F2, µ2).

11.3 Tonelli’s theorem

Let (Ω1,F1, µ1) and (Ω2,F2, µ2) be σ-finite measure spaces6 and let f :

Ω1 × Ω2 → R be a nonnegative F1 ⊗F2-measurable function. Then:

1. For each x ∈ Ω1, the function fx : Ω2 → R, y 7→ f(x, y), is F2-
measurable and nonnegative.

2. The function φ : Ω1 → R, x 7→
∫
Ω2
f(x, y) dµ2(y), is F1-measurable.

3. For each y ∈ Ω2, the function fy : Ω1 → R, x 7→ f(x, y), is F1-
measurable and nonnegative.

4. The function ψ : Ω2 → R, y 7→
∫
Ω1
fy(x) dµ1(x), is F2-measurable.

6That is, µi is a measure on Ωi and there exist {Ai
k}k≥1 ⊂ Fi with µi(A

i
k) < ∞ for

every k and
⋃∞

k=1 A
i
k = Ωi.
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5. Finally,∫
Ω1×Ω2

f(x, y) d(µ1 × µ2)(x, y) =
∫
Ω1

φ(x) dµ1(x) =

∫
Ω2

ψ(y) dµ2(y).
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12 Lecture 12

Theorem 12.1. Fubini’s theorem. Let (Ω1,F1, µ1) and (Ω2,F2, µ2) be
σ-finite measure spaces and let f : Ω1 × Ω2 → R be an integrable F1 ⊗F2-
measurable function. Then:

1. For each x ∈ Ω1, the function fx : Ω2 → R, y 7→ f(x, y), is F2-
measurable.

2. fx is µ2-integrable for µ1-a.e. x.

3. The function φ : Ω1 → R, x 7→
∫
Ω2
fx(y) dµ2(y), defined µ1-a.e., is

F1-measurable and µ1-integrable.

4. For each y ∈ Ω2, the function fy : Ω1 → R, x 7→ f(x, y), is F1-
measurable.

5. fy is µ1-integrable for µ2-a.e. y.

6. The function ψ : Ω2 → R, y 7→
∫
Ω1
f(x, y) dµ1(x), defined µ2-a.e., is

F2-measurable and µ2-integrable.

7.
∫
Ω1×Ω2

f(x, y) d(µ1 × µ2)(x, y) =
∫
Ω1
φ(x) dµ1(x) =

∫
Ω2
ψ(y) dµ2(y).

Remark. Recall that f is integrable if and only if
∫
|f | dµ < ∞. Hence,

to decide whether Fubini’s theorem applies, one usually applies Tonelli’s
theorem to |f | first.

Remark. If (Ω1,F1, µ1) and (Ω2,F2, µ2) are probability spaces, then (Ω1 ×
Ω2,F1 ⊗F2, µ1 × µ2) is a probability space as well.

Remark. If E ∈ F1 ⊗F2, then

(µ1 × µ2)(E) = inf
{∑

k≥1

µ1(Ak)µ2(Bk) : Ak ∈ F1, Bk ∈ F2,

E ⊂
⋃
k

Ak ×Bk

}
.

Remark. Both Tonelli’s and Fubini’s theorems generalize to finitely many
measure spaces, not just two.
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Example 12.2. Let Ω1 = Ω2 = [0, 1], F1 = F2 = B[0, 1] and let D =

{(x, y) ∈ [0, 1]× [0, 1] : x = y} be the diagonal. We compute (µ1 × µ2)(D)

in the following cases:

a) µ1 and µ2 are both the counting measure;

b) µ1 and µ2 are both the Lebesgue measure;

c) µ1 is the Lebesgue measure and µ2 is the counting measure.

One has:

a) If z1, z2, . . . are distinct points of D, then (µ1 × µ2)(D) ≥
∑n

k=1(µ1 ×
µ2)({zk}) = n for every n, since each point has product measure 1.
Hence (µ1 × µ2)(D) =∞.

b) Covering D with the n squares [k−1
n , kn ]

2, k = 1, . . . , n, gives (µ1 ×
µ2)(D) ≤

∑n
k=1

1
n2 = 1

n for every n. Hence (µ1 × µ2)(D) = 0.

c) We claim that (µ1 × µ2)(D) = ∞. Write µ = µ1 (Lebesgue) and
ν = µ2 (counting). It suffices to show that if D ⊂

⋃
k Ak × Bk with

Ak, Bk ∈ B[0, 1], then
∑∞

k=1 µ(Ak)ν(Bk) =∞.

Indeed, in case (c) the set D is covered by the Ak ×Bk, k ∈ N. Let M ⊂ N
be the set of indices with µ(Ak) = 0, and let S =

⋃
k∈M Ak; then µ(S) = 0,

and therefore [0, 1] \S is uncountable. The set F = {(x, x) : x ∈ [0, 1] \S} is
contained in D and covered by the sets Ak ×Bk with k ∈ N \M . Hence, for
each x ∈ [0, 1]\S there is k ∈ N\M with (x, x) ∈ Ak×Bk and, in particular,
x ∈ Bk. Thus [0, 1] \ S ⊂

⋃
k/∈M Bk. Since [0, 1] \ S is uncountable, at least

one Bk0 is uncountable, and then ν(Bk0) =∞. But k0 /∈ M , so µ(Ak0) > 0

and therefore µ(Ak0)ν(Bk0) =∞. Hence∑
k

µ(Ak)ν(Bk) =∞,

as claimed. Note that (b) and (c) show that the σ-finiteness hypothesis in
Tonelli’s and Fubini’s theorems is not superfluous.
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12.1 Radon–Nikodym

Let µ and ν be measures on the measurable space (Ω,F ). We say that ν is
absolutely continuous with respect to µ when

ν(A) = 0 for every A ∈ F with µ(A) = 0.

We denote this by ν ≪ µ, and we also say that µ dominates ν.

Definition 12.3. We say that µ and ν are equivalent when ν ≪ µ and
µ≪ ν.

Example 12.4. Let ν andm be, respectively, the counting and the Lebesgue
measures on (R,BR). Then

m≪ ν, ν ̸≪ m.

Indeed, if ν(A) = 0, then A = ∅ and m(∅) = 0. On the other hand,
{0} ∈ B(R) satisfies m({0}) = 0 but ν({0}) = 1 ̸= 0.

Remark. If (Ω,F ) is a measurable space, µ a measure on (Ω,F ), f : Ω→ R
a nonnegative measurable function and dν = f dµ, then ν ≪ µ.

Proof. If A ∈ F and µ(A) = 0, then

ν(A) =

∫
A
f dµ =

∫
Ω
f1A dµ = 0.

Remark. Does there exist a nonnegative measurable f : R → R with dm =

f dν? No. Suppose such an f existed. Then

0 = m({a}) =
∫
{a}

f dν = f(a)ν({a}) = f(a), ∀ a ∈ R,

and therefore

1 = m([0, 1]) =

∫
[0,1]

f dν =

∫
[0,1]

0 dν = 0,

which is absurd.
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Theorem 12.5. Radon–Nikodym theorem. Let µ and ν be σ-finite
measures on the measurable space (Ω,F ) with ν ≪ µ. Then

1. there exists a nonnegative measurable f : Ω → R with dν = f dµ,
written f = dν

dµ ;

2. f is unique µ-a.e.: if g is another function with the same property,
then g = f µ-a.e.

12.2 Expectation of a random variable

Let (Ω,F ,P) be a probability space and X : Ω→ R a random variable. The
mean, or expectation, of X is defined by

E[X] =

∫
Ω
X dP.

Proposition 12.6. Let X : Ω→ Rn be a random vector and g : Rn → R a
Borel measurable function. Then

E[g(X)] =

∫
Rn

g(x) dPX(x).

Definition 12.7. Let (Ω1,F1,P1) and (Ω2,F2,P2) be probability spaces,
and X : Ω1 → Rn, Y : Ω2 → Rn random vectors. We say that X and Y are
identically distributed when P1

X = P2
Y . We denote this by X ∼ Y .

Proposition 12.8. If X ∼ Y , then:

1. if g : Rn → R is Borel measurable, then g(X) ∼ g(Y );

2. if n = 1 and X is integrable, then so is Y , and E[X] = E[Y ].

Proposition 12.9. Let (Ω,F ,P) be a probability space and X : Ω → R a
nonnegative r.v. Then

E[X] =

∫ ∞

0
P(X > x) dx =

∫ ∞

0
P(X ≥ x) dx.
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Proof. We have∫ ∞

0
P(X > x) dx =

∫ ∞

0

[∫
Ω
1X>x(ω) dP(ω)

]
dx,

where

1X>x(ω) =


1, if X(ω) > x︸ ︷︷ ︸

that is, x∈[0,X(ω))

,

0, otherwise.

By Tonelli’s theorem,∫ ∞

0

[∫
Ω
1X>x(ω) dP(ω)

]
dx =

∫
Ω

[∫ ∞

0
1[0,X(ω))(x) dx

]
dP(ω)

=

∫
Ω
X(ω) dP(ω)

= E[X].

Remark. Recall that P(X ≤ x) = FX(x). Hence

E[X] =

∫ ∞

0
[1− FX(x)] dx.
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13 Lecture 13

Theorem 13.1. Let X : Ω→ R be a nonnegative random variable. Then

∞∑
n=1

P(X ≥ n) ≤ E[X] ≤ 1 +

∞∑
n=1

P(X ≥ n).

Proof. We prove the second inequality first. For n ≥ 1, set An = {n − 1 ≤
X < n} and Bn = {X ≥ n}7. Then

E[X] =

∫
Ω
X dP

=
∞∑
n=1

∫
An

X dP

≤
∞∑
n=1

∫
An

ndP

=
∞∑
n=1

nP(An)

=
∞∑
n=1

n[P(Bn−1)− P(Bn)]

= lim
n

n∑
k=1

k[P(Bk−1)− P(Bk)]

= lim
n

[
P(B0) +

n−1∑
k=1

P(Bk)− nP(Bn)

]

≤ 1 + lim
n

n−1∑
k=1

P(Bk)

= 1 +
∞∑
k=1

P(Bk),

using Abel summation by parts, P(B0) = P(X ≥ 0) = 1 and nP(Bn) ≥
0.

Remark. We are using that limn
∑n

k=1 P(Bk) exists in [0,∞]: the terms
7Note that Bn−1 = An ⊎Bn.
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are nonnegative, so the partial sums increase (the limit may be infinite).
Without that information one has to work with lim inf or lim sup.

Proof. As for the first inequality, arguing as above but bounding X ≥ n− 1

on An gives

E[X] ≥ lim
m

[
m∑

n=1

P(Bn)−mP(Bm)

]
.

If E[X] = ∞ there is nothing to prove. If E[X] < ∞, then, since Bm ↓ ∅,
the measure ν given by dν = X dP is finite8 and, by continuity, ν(Bm) →
ν(∅) = 0. Now

ν(Bm) =

∫
Bm

X dP ≥
∫
Bm

mdP = mP(Bm) ≥ 0

=⇒ lim
m
mP(Bm) = 0.

Hence

E[X] ≥
∞∑
n=1

P(Bn).

Corollary 13.2. If the random variable X takes values in {0, 1, 2, . . . }, then

E[X] =
∞∑
n=1

P(X ≥ n).

Corollary 13.3. Let A1, A2, . . . be events. The following are equivalent:

1. A1, A2, . . . are independent;

2. σ(A1), σ(A2), . . . are independent σ-algebras;

3. 1A1 ,1A2 , . . . are independent random variables.

Remark. One has

σ(1Ai) = {∅,Ω, Ai, A
c
i} = σ(Ai).

8Because ν(Ω) =
∫
Ω
X dP < ∞.
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Remark. In Corollary 13.3, the family of events need not be countable.

Example 13.4. If A1, A2, . . . are independent events, then

1. B1, B2, . . . are independent, where for each k ≥ 1 we choose either
Bk = Ak or Bk = Ac

k;

2.
⋃∞

k=1A2k, Ac
1 ∩A3 and (A5∆A9)

c ∪A15 are independent;

3. σ (
⋃∞

k=1 σ(A2k)), σ(σ(A1)∪σ(A3)) and σ(σ(A5)∪σ(A9)∪σ(A15)) are
independent σ-algebras.

Example 13.5. If (X,Y ), (Z,W ) and (U,R, S) are independent, then

1{X>Y }, Z +W, 1{U2+R2=S2}

are independent random variables. Indeed,

σ(1{X>Y }) = σ({X > Y }) ⊂ σ((X,Y ))

σ(Z +W ) ⊂ σ((Z,W ))

σ(1{U2+R2=S2}) ⊂ σ((U,R, S)).

Let (Ω,F ,P) be a probability space and X1, X2, . . . , Xn random variables.
Let X = (X1, X2, . . . , Xn) : Ω→ Rn be the associated random vector.

• PX is a probability measure on (Rn,B(Rn)).

• PX1 , . . . , PXn are probability measures on (R,B(R)), and PX1 × · · · ×
PXn is a probability measure on (Rn,B(R)⊗· · ·⊗B(R)) = (Rn,B(Rn)).

Theorem 13.6. The following are equivalent:

1. X1, . . . , Xn are independent random variables;

2. P(X1,...,Xn) = PX1 × · · · × PXn .

Remark. Given a probability space (Ω,F ,P):
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• let F1, . . . ,Fn be σ-algebras on Ω contained in F . Then F1, . . . ,Fn

are independent if and only if P (
⋂n

k=1Ak) =
∏n

k=1 P(Ak) for all A1 ∈
F1, . . . , An ∈ Fn;

• X1, . . . , Xn are independent random variables if and only if

P ({X1 ∈ A1} ∩ · · · ∩ {Xn ∈ An}) =
n∏

k=1

P(Xk ∈ Ak), ∀Ai ∈ B(R).

Lemma 13.7. Let (Ω,F ) be a measurable space and P,Q probability mea-
sures on it. If

• C is a π-system on Ω,

• σ(C ) = F ,

• P (A) = Q(A) for every A ∈ C ,

then P = Q on (Ω,F ).

Proof. We prove Theorem 13.6.
(2) =⇒ (1). Let A1, . . . , An ∈ B(R) and Bk = {Xk ∈ Ak} ∈ F for
k = 1, . . . , n. Then

P(X1,...,Xn)(A1 × · · · ×An) = P({ω ∈ Ω : (X1, . . . , Xn)(ω) ∈ A1 × · · · ×An})

= P({ω ∈ Ω : X1(ω) ∈ A1, . . . , Xn(ω) ∈ An})

= P(X1 ∈ A1, . . . , Xn ∈ An).

On the other hand, by hypothesis,

P(X1,...,Xn)(A1 × · · · ×An) = (PX1 × · · · × PXn)(A1 × · · · ×An)

=

n∏
k=1

PXk
(Ak)

=

n∏
k=1

P(Xk ∈ Ak).
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Hence

P(X1 ∈ A1, . . . , Xn ∈ An) =
n∏

k=1

P(Xk ∈ Ak),

that is, the random variables are independent.
(1) =⇒ (2). We must show that if

P(X1,...,Xn)(A1×· · ·×An) = (PX1×· · ·×PXn)(A1×· · ·×An), ∀ Ai ∈ B(R),

then the measures P(X1,...,Xn) and PX1 × · · · ×PXn coincide. For this we use
Lemma 13.7: since

C = {A1 × · · · ×An : A1, . . . , An ∈ B(R)}

is a π-system generating B(Rn), the conclusion follows.
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14 Lecture 14

Proposition 14.1. If X1, . . . , Xn are independent and integrable random
variables, then

E

[
n∏

i=1

Xi

]
=

n∏
i=1

E[Xi].

Proof. Consider X : (Ω,F ) → (Rn,BRn) given by X = (X1, . . . , Xn),
and the functions g, g̃ : Rn → R defined by g(x1, . . . , xn) = x1 · · ·xn and
g̃(x1, . . . , xn) = |x1 · · ·xn|. Then X1 · · ·Xn = g ◦X and

E[|X1 · · ·Xn|] =
∫
Ω
g̃(X) dP

=

∫
Rn

g̃(x) dPX(x)

=

∫
Rn

|x1 · · ·xn| d(PX1 × · · · × PXn)(x)

=

∫
R

[∫
R
· · ·
[∫

R
|x1| · · · |xn| dPXn(xn)

]
· · ·
]
dPX1(x1)

=

∫
R

[∫
R
· · · |x1| · · · |xn−1|

[∫
R
|xn| dPXn(xn)

]
· · ·
]
dPX1(x1)

= E[|Xn|] · · ·E[|X2|]E[|X1|] <∞,

using Theorem 13.6 and Tonelli’s theorem. Hence X1 · · ·Xn is integrable,
and

E[X1 · · ·Xn] =

∫
Ω
g(X) dP =

∫
Rn

g(x) dPX(x) = · · · = E[Xn] · · ·E[X1],

repeating the computation above with g in place of g̃, now justified by Fu-
bini’s theorem.

Proposition 14.2. Suppose X,Y are independent random variables and
E ∈ B(R2). Then

P((X,Y ) ∈ E) =

∫
R
PX(Ey) dPY (y) =

∫
R
PY (E

x) dPX(x),

where Ey = {x ∈ R : (x, y) ∈ E} and Ex = {y ∈ R : (x, y) ∈ E}.
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Proof. On the one hand,

P((X,Y ) ∈ E) =

∫
R2

1E(x, y) dP(X,Y )(x, y)

=

∫
R2

1E(x, y) d(PX × PY )(x, y)

=

∫
R

[∫
R
1E(x, y) dPX(x)

]
dPY (y)

=

∫
R

[∫
R
1Ey(x) dPX(x)

]
dPY (y),

where Ey = {x ∈ R : (x, y) ∈ E}. Hence∫
R

[∫
R
1Ey(x) dPX(x)

]
dPY (y) =

∫
R
PX(Ey) dPY (y).

Analogously,

P((X,Y ) ∈ E) =

∫
R
PY (E

x) dPX(x)

with Ex = {y ∈ R : (x, y) ∈ E}.

Example 14.3. The case of the diagonal:

P(X = Y ) = P((X,Y ) ∈ D) =

∫
R
PX(Dy) dPY (y) =

∫
R
P(X = y) dPY (y).

Example 14.4. We compute

P(X + Y ≤ a) = P((X,Y ) ∈ E) =

∫
R
PX(Ey) dPY (y)

with Ey = (−∞, a− y]. That is,∫
R
PX((−∞, a− y]) dPY (y) =

∫
R
P(X ≤ a− y) dPY (y),

which is the convolution formula.

14.1 Distribution functions

A distribution function is a function F : R→ R such that

1. 0 ≤ F (x) ≤ 1 for all x ∈ R;

81



2. F is non-decreasing;

3. F is right-continuous;

4. limx→−∞ F (x) = 0 and limx→∞ F (x) = 1.

Remark. If F is a distribution function, then there exist a probability space
and a random variable X on it with FX = F .

Remark. We say that F is discrete when there exist a countable set A ⊂ R
and numbers px ≥ 0, x ∈ A, such that

F (t) =
∑
x≤t

px.

F is absolutely continuous when there exists a nonnegative Borel measurable
g : R→ R with

F (t) =

∫ t

−∞
g(u) du.

F is singular when F is continuous and F ′ exists and equals 0 almost every-
where.

Example 14.5. The Cantor function. One constructs F : [0, 1] → [0, 1]

as the uniform limit of the sequence Fn defined by: F0(x) = x and, at each
step, on every interval where Fn is affine, one subdivides the interval into
three equal parts and redefines Fn+1 to be constant (equal to the mean value)
on the middle third, keeping it affine on the two outer thirds.
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Figure 3: The Cantor function.

One checks that (Fn(x))n is Cauchy, with |Fn(x)− Fm(x)| ≤ 2−n for all
m > n ≥ 1 and all x ∈ [0, 1]. Hence the limit F exists and the convergence
is uniform, since |Fn(x)− F (x)| ≤ 2−n. In particular, F is continuous and,
since F ′ = 0 outside the Cantor set (which has Lebesgue measure zero), F
is singular.

Theorem 14.6. If F is a distribution function, then there exist weights
α1, α2, α3 ≥ 0 with α1 + α2 + α3 = 1 and distribution functions F1 discrete,
F2 absolutely continuous and F3 singular such that

F = α1F1 + α2F2 + α3F3.

The decomposition is unique.

14.2 Distributions and distribution functions on (R,BR)

A distribution on (R,BR) is a probability measure on (R,BR). If µ is a
distribution on (R,BR), then the function

Fµ : R→ R

t 7→ µ((−∞, t])
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is a distribution function.

Remark. If F is a distribution function, then there exists a unique distribu-
tion µF on (R,BR) such that

µF ((−∞, t]) = F (t), ∀ t ∈ R.

In particular, the correspondences

{Distributions on (R,BR)} ←→ {Distribution functions on R}

µ 7−→ Fµ

F 7−→ µF

are inverse to each other.

14.3 Variance of a random variable

Let (Ω,F ,P) be a probability space and X : Ω→ R a random variable with
E[X2] <∞. The variance of X is defined by

Var(X) = E[(X − E[X])2].

Proposition 14.7. Let X be a random variable with E[X2] <∞. Then

a) Var(X) = E[X2]− E[X]2;

b) Var(X) ≥ 0; in particular, E[X2] ≥ E[X]2;

c) if Var(X) = 0, then X = E[X] a.s.;

d) Var(cX) = c2Var(X) for every c ∈ R, and Var(X + c) = Var(X);

e) if X1, . . . , Xn are independent with E[X2
j ] <∞ for j = 1, . . . , n, then

Var(X1 + · · ·+Xn) =

n∑
j=1

Var(Xj).
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15 Lecture 15

Proposition 15.1. Chebyshev’s inequality. Let X be a random variable
with E[X2] <∞ and let t > 0. Then

P(|X − E[X]| ≥ t) ≤ Var(X)

t2
.

Proof. Write Y = X − E[X]. Then

Var(X) = E[Y 2]

=

∫
Ω
Y 2 dP

=

∫
{|Y |≥t}

Y 2 dP+

∫
{|Y |<t}

Y 2 dP

≥
∫
{|Y |≥t}

t2 dP+

∫
{|Y |<t}

Y 2 dP

≥
∫
{|Y |≥t}

t2 dP

= t2P({|Y | ≥ t}).

Proposition 15.2. Markov’s inequality. Let X be a random variable
and t > 0. Then

P({|X| ≥ t}) ≤ E[|X|]
t

.

Proof. We have

E[|X|] =
∫
Ω
|X| dP

=

∫
{|X|≥t}

|X| dP+

∫
{|X|<t}

|X| dP

≥
∫
{|X|≥t}

t dP = tP{|X| ≥ t}.
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Theorem 15.3. Let Z be a nonnegative random variable, φ : [0,∞) →
[0,∞) non-decreasing, and t > 0 with φ(t) > 0. Then

P(Z ≥ t) ≤ E[φ(Z)]
φ(t)

.

Proof. We have

E[φ(Z)] =
∫
{Z≥t}

φ(Z) dP+

∫
{Z<t}

φ(Z) dP

≥
∫
{Z≥t}

φ(t) dP

= φ(t)P(Z ≥ t).

Definition 15.4. Let φ : I → R. We say that φ is convex when

a, b ∈ I, a < b, t ∈ [0, 1] =⇒ φ((1− t)a+ tb) ≤ (1− t)φ(a) + tφ(b).

Definition 15.5. Let φ : I → R. We say that φ is strictly convex when

a, b ∈ I, a < b, t ∈ (0, 1) =⇒ φ((1− t)a+ tb) < (1− t)φ(a) + tφ(b).

Proposition 15.6. Finite Jensen inequality. If φ : I → R is convex,
a1, . . . , an ∈ I and t1, . . . , tn ∈ (0, 1) with

∑
i ti = 1, then

φ

(
n∑

i=1

tiai

)
≤

n∑
i=1

tiφ(ai).

Proposition 15.7. If φ : I → R is of class C2 and convex, then φ′′(x) ≥ 0

for every x ∈ I.

Proposition 15.8. If φ : I → R is of class C2 and φ′′(x) > 0, then φ is
strictly convex.

Proposition 15.9. Let φ : I → R be convex and let a ∈ I be an interior
point. Then the function ψ : I \ {a} → R,

ψ(t) =
φ(t)− φ(a)

t− a
,

is non-decreasing.
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Proposition 15.10. The one-sided derivatives D+φ(a) = limt→a+ ψ(t) and
D−φ(a) = limt→a− ψ(t) exist, and D−φ(a) ≤ D+φ(a).

Proposition 15.11. If θ ∈ [D−φ(a), D+φ(a)], then

φ(t) ≥ φ(a) + θ(t− a), ∀ t ∈ I.

Theorem 15.12. Jensen’s inequality. Let X be a random variable and
φ : R→ R a convex function such that X and φ(X) are integrable. Then

E[φ(X)] ≥ φ(E[X]).

Proof. Take a = E[X]. There exists θ ∈ R such that

φ(t) ≥ φ(a) + θ(t− a), ∀ t ∈ R,

hence
φ(X(ω)) ≥ φ(a) + θ(X(ω)− a), ∀ ω ∈ Ω.

Taking expectations,

E[φ(X)] ≥ E[φ(a) + θ(X − a)],

and by linearity,

E[φ(X)] ≥ E[φ(a)]︸ ︷︷ ︸
=φ(a)

+θE[X − a]︸ ︷︷ ︸
=0

= φ(a) = φ(E[X]).
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16 Lecture 16

16.1 Characteristic and moment generating functions

LetX be a random variable. The moment generating function ofX is defined
by

ψX(t) = E[etX ], ∀ t ∈ R,

and the characteristic function of X by

φX(t) = E[eitX ] = E[cos(tX) + i sin(tX)].

Theorem 16.1. If E[eδ|X|] <∞ for some δ > 0, then Xk is integrable and
E[Xk] = ψ

(k)
X (0) for every k ∈ Z+.

Theorem 16.2. If E[|X|r] < ∞ for some r ∈ Z+, then φX is of class Cr

and
φ
(r)
X (t) = E[(iX)reitX ], ∀ t ∈ R.

Proof. Suppose first that r = 1. Then

φ(t+ h)− φ(t)
h

=
E[ei(t+h)X ]− E[eiXt]

h

=
1

h

[∫
R
ei(t+h)x dPX(x)−

∫
R
eitx dPX(x)

]
=

∫
R

ei(t+h)x − eitx

h
dPX(x)

=

∫
R

eitx(eihx − 1)

h
dPX(x)

=

∫
R
ix
eitx(eihx − 1)

ixh
dPX(x).

Letting h→ 0 and using the DCT,

lim
h→0

φ(t+ h)− φ(t)
h

=

∫
R
ixeitx dPX(x).
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Indeed, for h ∈ (−1, 1) and x ̸= 0,∣∣∣∣ixeitx eihx − 1

ihx

∣∣∣∣ ≤ ∣∣∣∣ixeitx−1 + cos(hx) + i sin(hx)

hx

∣∣∣∣
≤ |ixeitx| ·


∣∣∣∣1− cos(hx)

hx

∣∣∣∣︸ ︷︷ ︸
≤θ0

+

∣∣∣∣sin(hx)hx

∣∣∣∣︸ ︷︷ ︸
≤1


≤ θ1|x|.

The bound θ1|x| does not depend on h and is integrable, since∫
R
θ1|x| dPX(x) = θ1E[|X|] <∞.

Therefore, by the DCT,

lim
h→0

φ(t+ h)− φ(t)
h

=

∫
R
ixeitx dPX(x) = E[iXeitX ].

To show that φ is of class C1 we must check that φ′ is continuous:

φ′(t+ h)− φ′(t) =

∫
R
ixeitx

[
eihx − 1

]
dPX(x).

Since ∣∣∣ixeitx [eihx − 1
]∣∣∣ ≤ 2|x|,

which is integrable, the DCT gives

lim
h→0

[
φ′(t+ h)− φ′(t)

]
=

∫
R
0 dPX(x) = 0.

Now let r ∈ Z+. First, E[|X|r+1] < ∞ implies E[|X|r] < ∞. Indeed, in
general, if 0 < α < β, then E[|X|β] < ∞ =⇒ E[|X|α] < ∞. It suffices to
prove this for α = 1, since we may always set Y = |X|α and consider Y γ

with γ = β/α > 1. Then

E[Y ] =

∫
{Y≥1}

Y dP+

∫
{Y <1}

Y dP

≤
∫
{Y≥1}

Y γ dP+

∫
{Y <1}

1 dP

≤ E[Y γ ] + 1 <∞.
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An alternative argument uses Jensen’s inequality: t 7→ tγ is convex on [0,∞)

for γ > 1. Applying it to the truncations YN = min{Y,N}, which are
bounded and hence integrable,

E[Y γ
N ] ≥ (E[YN ])γ .

Since YN ↑ Y and Y γ
N ↑ Y γ , letting N →∞ the MCT gives

E[Y γ ] ≥ (E[Y ])γ .

Now,

φ(r)(t+ h)− φ(r)(t)

h
=

∫
R
(ix)reitx

[
eihx − 1

h

]
dPX(x),

and

(ix)reitx
[
eihx − 1

h

]
→ (ix)r+1eitx,∣∣∣∣(ix)reitx [eihx − 1

h

]∣∣∣∣ ≤ θ1|x|r+1,∫
R
θ1|x|r+1 dPX(x) = θ1E[|X|r+1] <∞.

By the DCT,

lim
h→0

φ(r)(t+ h)− φ(r)(t)

h
=

∫
R
(ix)r+1eitx dPX(x)

= E[(iX)r+1eitX ].

The continuity of φ(r+1) is proved analogously.

Proposition 16.3. Let φ be the characteristic function of the random vari-
able X. Then

1. |φ(t)| ≤ φ(0) = 1 for every t ∈ R;

2. φ is uniformly continuous;

3. if a, b ∈ R, then φaX+b(t) = φ(at)eitb;
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4. φ(−t) = φ(t);

5. φ takes real values if and only ifX is a symmetric random variable, that
is, PX(B) = PX(−B) for every B ∈ B(R) (equivalently, X ∼ −X).

Proof. Item by item:

1. |φ(t)| = |E[eitX ]| ≤ E[|eitX |] = 1 = φ(0) for every t ∈ R.

2. |φ(t + h) − φ(t)| =
∣∣∫

R e
itx(eihx − 1) dPX(x)

∣∣ ≤ ∫R |eihx − 1| dPX(x),
and the bound does not depend on t; the DCT shows that it tends to
0 as h→ 0.

3. φaX+b(t) = E[eit(aX+b)] = eitbE[eitaX ] = eitbφ(ta).

4. φ(−t) = E[e−itX ] = E[eitX ] = E[eitX ] = φ(t).

5. If X is symmetric, then X ∼ −X and φX(t) = φ−X(t) = E[eit(−X)] =

φX(−t) = φX(t) for every t ∈ R, so φX(t) ∈ R. Conversely, if φX is
real-valued, then

φ−X(t) = φX(−t) = φX(t) = φX(t), ∀ t ∈ R,

and since the characteristic function determines the law, −X ∼ X.

Proposition 16.4. If E[|X|r] <∞ for some r ∈ Z+, then, as t→ 0,

a) φ(t) =
r∑

j=0

ijE[Xj ]

j!
tj + o(|t|r);

b) φ(t) =
r−1∑
j=0

ijE[Xj ]

j!
tj + θr

E[|X|r]
r!

tr, where θr = θr(t) satisfies |θr| ≤ 2.
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17 Lecture 17

Inversion formula.
Let F : R → R be a distribution function, µF the associated distribution
and φ its characteristic function. Then

1.

F (b)−F (a)− 1
2µF ({b})+

1
2µF ({a}) = lim

c→∞

1

2π

∫ c

−c

e−ita − e−itb

it
φ(t) dt

for all a < b.

2. If
∫∞
−∞ |φ(t)| dt <∞, then F has a density given by

f(x) =
1

2π

∫ ∞

−∞
e−itxφ(t) dt, ∀ x ∈ R.

Proof. We have∫ c

−c

e−ita − e−itb

it
φ(t) dt =

∫ c

−c

e−ita − e−itb

it

∫
R
eitx dµF (x) dt.

Fubini’s theorem applies on [−c, c] × R (which has finite product measure,
since µF is a probability measure) because the integrand is bounded:

e−ita − e−itb

it
=

∫ b

a
e−its ds =⇒

∣∣∣∣e−ita − e−itb

it
eitx
∣∣∣∣ ≤ b− a.

Thus, writing

Ic =

∫ c

−c

e−ita − e−itb

it
φ(t) dt,

Fubini’s theorem gives∫ c

−c

e−ita − e−itb

it

∫
R
eitx dµF (x) dt =

∫
R

∫ c

−c

e−ita − e−itb

it
eitx dt dµF (x).
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Now,

B(c, x) =

∫ c

−c

e−ita − e−itb

it
eitx dt

=

∫ c

−c

1

it

[
cos(t(x− a)) + i sin(t(x− a))

− cos(t(x− b))− i sin(t(x− b))
]
dt

= 2

∫ c

0

[
sin(t(x− a))

t
− sin(t(x− b))

t

]
dt.

Since ∫ ∞

0

sin(tα)

t
dt =

π

2
sgn(α),

we have, on the one hand, |B(c, x)| ≤ K for some constant K > 0 indepen-
dent of c and x, and, on the other hand,

lim
c→∞

B(c, x) =



0, if x < a,

π, if x = a,

2π, if a < x < b,

π, if x = b,

0, if x > b.

Hence, writing h(x) = limc→∞B(c, x), the DCT gives

lim
c→∞

Ic =

∫
R
h(x) dµF (x) = π µF ({a}) + 2π µF ((a, b)) + π µF ({b}).

Dividing by 2π and noting that µF ((a, b)) = F (b) − F (a) − µF ({b}), the
claim follows.

Let X : Ω → Rn be a random vector. The characteristic function of X
is defined by φX : Rn → C, t 7→ E[ei⟨t,X⟩].

Proposition 17.1. Let φ be the characteristic function of the random vector
X : Ω→ Rn. Then

1. |φ(t)| ≤ φ(0) = 1;
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2. φ is uniformly continuous;

3. if a ∈ R and b ∈ Rn, then

φaX+b(t) = φ(at)ei⟨t,b⟩, ∀ t ∈ Rn;

4. ifX = (X1, . . . , Xn), the random variablesX1, . . . , Xn are independent
if and only if φ(t) =

∏n
k=1 φXk

(tk) for every t = (t1, . . . , tn) ∈ Rn;

5. if Y : Ω̃→ Rn is a random vector with φY = φ, then Y ∼ X.

Proposition 17.2. Weak law of large numbers. Let X1, X2, . . . be i.i.d.
integrable random variables with

E[X1] = m.

Then, with Sn =
∑n

k=1Xk,
Sn
n
−→ m

in distribution and hence, the limit being constant, also in probability.

Proof. We compute

φSn/n(t) = E[eit
Sn
n ]

= E
[
e
∑n

k=1
itXk
n

]
= E

[
n∏

k=1

e
itXk
n

]

=

n∏
k=1

E
[
e

itXk
n

]
=
(
E
[
e

itX1
n

])n
= φX1

(
t

n

)n

.

Using the first-order expansion of the characteristic function, valid because
E[|X1|] <∞,

φX1

(
t

n

)n

=

[
1 + im

t

n
+ o

(
1

n

)]n
.
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Letting n→∞, for each fixed t,

lim
n→∞

φSn/n(t) = eitm,

which is the characteristic function of the constant random variable Y ≡ m.
We conclude by Lévy’s continuity theorem: pointwise convergence of the
characteristic functions to a function continuous at 0 implies convergence in
distribution.

Proposition 17.3. Central limit theorem. Let X1, X2, . . . be i.i.d. ran-
dom variables with E[X2

1 ] <∞, E[X1] = m and Var(X1) = σ2 > 0. Then

Sn −mn
σ
√
n
−→ N (0, 1)

in distribution.

Proof. Let Yk = Xk−E[Xk] = Xk−m and Tn =
∑n

k=1 Yk = Sn−mn. Then

φ Tn
σ
√

n
(t) =

n∏
k=1

E
[
e

itYk
σ
√
n

]
=

(
E
[
e

itY1
σ
√
n

])n

=

(
φY1

(
t

σ
√
n

))n

.

Since E[Y1] = 0 and E[Y 2
1 ] = σ2, the second-order expansion of the charac-

teristic function gives, as n→∞ with t fixed,

φY1

(
t

σ
√
n

)
= 1 + i · 0 · t

σ
√
n
+
i2

2
σ2
(

t

σ
√
n

)2

+ o

(
1

n

)
= 1− t2

2n
+ o

(
1

n

)
.

Therefore

φ Tn
σ
√

n
(t) =

[
1− t2

2n
+ o

(
1

n

)]n
−→ e−

t2

2 = φZ(t),

where Z ∼ N (0, 1). We conclude by Lévy’s continuity theorem.
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18 Lecture 18

18.1 Lp spaces

Let (Ω,F , µ) be a measure space and p > 0. We define

Lp(Ω,F , µ) =

{
f : Ω→ R measurable :

∫
Ω
|f |p dµ <∞

}
.

Remark. We write ℓp(E) = Lp(E, 2E , ν), where ν is the counting measure.

Theorem 18.1. The space Lp(Ω,F , µ) is a vector space.

Proof. Since Lp(Ω,F , µ) is a subset of the vector space of measurable func-
tions f : Ω→ R, we only need to check that f +λg ∈ Lp whenever f, g ∈ Lp

and λ ∈ R. Pointwise,

|f + λg|p ≤ (|f |+ |λg|)p

≤ (2max{|f |, |λg|})p

= 2pmax{|f |p, |λg|p}

≤ 2p (|f |p + |λ|p · |g|p) ,

whence ∫
|f + λg|p dµ ≤ 2p

[∫
|f |p dµ+ |λ|p

∫
|g|p dµ

]
<∞,

and therefore f + λg ∈ Lp.

Lemma 18.2. Young’s inequality. Let p, q > 1 be conjugate exponents,
that is, 1

p + 1
q = 1. If x, y ≥ 0, then

xy ≤ xp

p
+
yq

q
.

Proof. If x = 0 or y = 0 this is immediate. If x, y > 0, set a = lnx and
b = ln y. Since u 7→ eu is convex and 1

p + 1
q = 1,

xp

p
+
yq

q
=

1

p
eap +

1

q
ebq ≥ e

ap
p
+ bq

q = ea+b = xy.
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Remark. It also holds that, if p1, . . . , pk > 1 satisfy
∑k

i=1
1
pi

= 1 and
x1, . . . , xk ≥ 0, then

k∏
i=1

xi ≤
k∑

i=1

xpii
pi
.

Lemma 18.3. Hölder’s inequality. Let p, q > 1 with 1
p + 1

q = 1 and let
f, g : Ω→ R be measurable. Then∫

|fg| dµ ≤
(∫
|f |p dµ

)1/p(∫
|g|q dµ

)1/q

.

Moreover, when f ∈ Lp and g ∈ Lq, equality holds if and only if there exist
constants a, b ≥ 0 with a2 + b2 ̸= 0 such that b|f |p = a|g|q a.s.

Proof. First, if
∫
|f |p dµ = 0, then f = 0 a.s., so |fg| = 0 a.s. and both sides

vanish; similarly if
∫
|g|q dµ = 0. If

∫
|f |p dµ = ∞ or

∫
|g|q dµ = ∞ (and

the other factor is nonzero), the right-hand side is ∞ and the inequality is
trivial.
In the case

∫
|f |p dµ =

∫
|g|q dµ = 1, Young’s inequality applied pointwise

to x = |f(ω)|, y = |g(ω)| gives

1 =
1

p

∫
|f |p dµ+

1

q

∫
|g|q dµ ≥

∫
|fg| dµ.

If
∫
|f |p dµ and

∫
|g|q dµ both lie in (0,∞), set

f̃ =
f(∫

|f |p dµ
)1/p , g̃ =

g(∫
|g|q dµ

)1/q .
Then

∫
|f̃ |p dµ =

∫
|g̃|q dµ = 1 and, by the previous case,

∫
|f̃ g̃| dµ ≤ 1,

which is exactly the desired inequality.

Remark. It also holds that, given p1, . . . , pk > 1 with 1
p1

+ · · ·+ 1
pk

= 1 and
measurable f1, . . . , fk : Ω→ R,

k∏
i=1

(∫
|fi|pi dµ

) 1
pi

≥
∫
|f1 · · · fk| dµ.
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Theorem 18.4. Minkowski’s inequality. Let p ≥ 1 and f, g ∈ Lp. Then

∥f + g∥p ≤ ∥f∥p + ∥g∥p.

Proof. For p = 1 this is an immediate consequence of the pointwise triangle
inequality. For p > 1, set q = p

p−1 and θ = p
q = p− 1. Since f + g ∈ Lp (the

space is a vector space),
∥∥ |f + g|θ

∥∥
q
= ∥f + g∥θp. By Hölder’s inequality,

∥f∥p ·
∥∥ |f + g|θ

∥∥
q
≥
∫
|f | · |f + g|θ dµ,

∥g∥p ·
∥∥ |f + g|θ

∥∥
q
≥
∫
|g| · |f + g|θ dµ,

and, adding,

(∥f∥p + ∥g∥p) ∥f + g∥θp ≥
∫

(|f |+ |g|)|f + g|θ dµ ≥
∫
|f + g|p dµ = ∥f + g∥pp.

If ∥f + g∥p = 0 there is nothing to prove; otherwise ∥f + g∥pp < ∞ and we
divide by ∥f + g∥θp = ∥f + g∥p−1

p to obtain the result.

Is ∥ · ∥p a norm on Lp? We have the triangle inequality (Minkowski), homo-
geneity and the implication f = 0 =⇒ ∥f∥p = 0. However, ∥f∥p = 0 does
not imply f = 0: we can only conclude that f = 0 a.s. For this reason ∥ · ∥p
is merely a seminorm on Lp, and a genuine norm is obtained by passing to
the quotient by the relation of a.s. equality; this is the convention normally
in force when one speaks of “the normed space Lp”.

Theorem 18.5. For 1 ≤ p < ∞, the set of integrable simple functions is
dense in Lp.
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19 Lecture 19

Definition 19.1. Let (Xn) be a sequence of random variables and X a
random variable. We say that Xn converges a.s. to X when

P{ω ∈ Ω : lim
n
Xn(ω) = X(ω)} = 1.

We write Xn → X a.s.

Definition 19.2. We say that Xn converges to X in probability when

lim
n

P(|Xn −X| ≥ ε) = 0 ∀ ε > 0,

equivalently,
lim
n

P(|Xn −X| < ε) = 1 ∀ ε > 0.

We write Xn → X in probability, or Xn
P−→ X.

Definition 19.3. We say that Xn converges to X in Lp, with p > 0, when

1. X,X1, X2, · · · ∈ Lp;

2. limn E(|Xn −X|p) = 0.

We write Xn → X in Lp.

Definition 19.4. We say that Xn converges to X in distribution (or in law)
when one (and hence all) of the following conditions hold:

1. limn FXn(t) = FX(t) for every t that is a continuity point of FX ;

2. limn φXn(t) = φX(t) for every t ∈ R;

3. limn E[g(Xn)] = E[g(X)] for every continuous bounded g : R→ R.

Theorem 19.5. Let (Xn) be a sequence of random variables and X a ran-
dom variable. Then:

1. if Xn → X a.s., then Xn → X in probability;
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2. if Xn → X in Lp, then Xn → X in probability;

3. if Xn → X in probability, then Xn → X in distribution.

Proof. For (1), fix ε > 0. For each n ∈ Z+, set An = {|Xn −X| < ε} ∈ F

and Bn =
⋂

k≥nAk ⊂ An. Then BN ↑
⋃∞

N=1BN . On the other hand,

P {lim
n
Xn = X}︸ ︷︷ ︸
=C

= 1.

If ω ∈ C, there is N ∈ Z+ such that |Xn(ω)−X(ω)| < ε for all n ≥ N ; that
is, there is N with ω ∈ BN , hence ω ∈

⋃∞
N=1BN . Therefore C ⊂

⋃∞
N=1BN

and

1 = P(C) ≤ P

( ∞⋃
N=1

BN

)
= lim

N
P(BN ) ≤ lim inf

N
P(AN ) ≤ 1,

so limN P(AN ) = 1, that is, limN P(|XN −X| ≥ ε) = 0.
For (2), fix ε > 0. By Markov’s inequality applied to |Xn −X|p,

0 ≤ P(|Xn −X| ≥ ε) ≤
E[|Xn −X|p]

εp
.

Letting n→∞ gives limn P{|Xn −X| ≥ ε} = 0.
Finally, for (3), let t be a continuity point of F = FX and let ε > 0. We
know that

lim
n

P{|Xn −X| ≥ ε} = 0.
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Then

P{Xn ≤ t} = P{Xn ≤ t, |Xn −X| ≥ ε}

+ P{Xn ≤ t, |Xn −X| < ε}

≤ P{|Xn −X| ≥ ε}+ P{X < t+ ε}

lim sup
n

P{Xn ≤ t} ≤ P{X < t+ ε} = F ((t+ ε)−)

lim sup
n

P{Xn ≤ t} ≤ F (t) (letting ε ↓ 0, by continuity at t)

P{X ≤ t− ε} = P{X ≤ t− ε, |Xn −X| ≥ ε}

+ P{X ≤ t− ε, |Xn −X| < ε}

≤ P{|Xn −X| ≥ ε}+ P{Xn ≤ t}

P{X ≤ t− ε} ≤ lim inf
n

P{Xn ≤ t}

F (t−) ≤ lim inf
n

P{Xn ≤ t}

F (t) ≤ lim inf
n

P{Xn ≤ t}

≤ lim sup
n

P{Xn ≤ t} ≤ F (t).

Example 19.6. On the space ([0, 1],B([0, 1]),m), let Xn = n1/p1(0,1/n).
Then Xn → 0 a.s., but

E[|Xn − 0|p] = (n1/p)p · 1
n
= 1.

Hence Xn ̸→ 0 in Lp.

Example 19.7. On ([0, 1],B([0, 1]),m), consider the typewriter sequence:
X1 = 1, X2 = 1[0,1/2), X3 = 1[1/2,1], X4 = 1[0,1/3), X5 = 1[1/3,2/3), X6 =

1[2/3,1], . . . Since
|Xn| ≤ 1 =⇒ Xn ∈ Lp,

we have Xn → 0 in Lp but Xn ̸→ 0 a.s. Indeed,

{x ∈ [0, 1] : lim
n
Xn(x) = 0} = ∅.
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Theorem 19.8. If Xn → X in probability, then there is a subsequence
(Xnk

)k of (Xn) with Xnk
→ X a.s.

Corollary 19.9. Let X1, X2, . . . be random variables. The following are
equivalent:

1. Xn → X in probability;

2. every subsequence of (Xn) has a further subsequence converging to X
a.s.

Proof. (1) =⇒ (2). If Xn → X in probability, every subsequence (Xnk
)k

also converges to X in probability; by the previous theorem, (Xnk
)k has in

turn a subsequence converging to X a.s.
(2) =⇒ (1). Suppose Xn ̸→ X in probability. Then there exist ε > 0, θ > 0

and a subsequence (Xnk
)k such that

P{|Xnk
−X| ≥ ε} ≥ θ, ∀ k ≥ 1.

By hypothesis, (Xnk
)k has a subsequence (Xnkj

)j converging toX a.s., hence
in probability, so that P{|Xnkj

−X| ≥ ε} → 0. This contradicts the previous
inequality.
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20 Lecture 20

We return to the theorem stated at the end of the previous lecture, now with
its proof.

Theorem 20.1. If Xn → X in probability, then there is a subsequence
(Xnk

)k of (Xn)n with Xnk
→ X a.s.

Proof. For each k ∈ Z+ we have limn P
{
|Xn −X| ≥ 1

k

}
= 0. We may

therefore choose nk ∈ Z+ with

P
{
|Xnk

−X| ≥ 1

k

}
<

1

2k
,

and we may take the nk so that n1 < n2 < · · · . Then

∞∑
k=1

P
{
|Xnk

−X| ≥ 1

k

}
≤ 1 <∞.

By the first Borel–Cantelli lemma,

P
{
|Xnk

−X| ≥ 1
k for infinitely many k

}︸ ︷︷ ︸
=A

= 0.

If ω ∈ Ac, there is k0 = k0(ω) such that

0 ≤ |Xnk
(ω)−X(ω)| < 1

k
, k ≥ k0,

and hence
lim
k→∞

Xnk
(ω) = X(ω).

Therefore Xnk
→ X a.s.

Corollary 20.2. Xn → X in probability if and only if every subsequence of
(Xn) has a further subsequence converging to X a.s.

Example 20.3. One has:

1. if Xn → X and Yn → Y a.s., then Xn + Yn → X + Y a.s. and
XnYn → XY a.s.;
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2. if Xn → X and Yn → Y in probability, then Xn + Yn → X + Y and
XnYn → XY in probability;

3. item (2) follows from (1) and Corollary 20.2: given a subsequence,
extract from it a further subsequence along which Xn → X a.s.; from
that one extract another along which also Yn → Y a.s. Along this
last subsequence, (1) gives a.s. convergence of the product, and the
corollary brings us back to convergence in probability of XnYn.

Theorem 20.4. Let C be a constant. If Xn → C in distribution, then
Xn → C in probability.

Proof. Fix ε > 0. We have

P{Xn ≥ C + ε} = 1− P{Xn < C + ε}

= 1− Fn((C + ε)−)

≤ 1− Fn(C + ε/2).

As n → ∞, 1 − Fn(C + ε/2) → 1 − F (C + ε/2) = 0, since C + ε/2 is a
continuity point of F and

F (t) =

0, if t < C,

1, if t ≥ C.

Hence
P{Xn ≥ C + ε} → 0.

On the other hand,

P{Xn ≤ C − ε} = Fn(C − ε)→ F (C − ε) = 0.

Therefore
P{|Xn − C| ≥ ε} → 0.
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20.1 The space L∞

Let (Ω,F , µ) be a measure space. For each function f : Ω → R we define
the essential supremum of |f | by

∥f∥∞ = inf{a ∈ R : µ({|f | > a}) = 0}.

The space L∞ = L∞(Ω,F , µ) is defined as the set of measurable functions
f : Ω→ R with ∥f∥∞ <∞.

Theorem 20.5. One has:

1. if f, g : Ω→ R are measurable, then ∥f∥1 · ∥g∥∞ ≥ ∥fg∥1;

2. ∥ · ∥∞ is a norm on L∞;

3. if f, f1, f2, · · · : Ω → R are measurable, then ∥fn − f∥∞ → 0 if and
only if there exists E ∈ F with µ(Ec) = 0 and fn → f uniformly on
E;

4. (L∞, ∥ · ∥∞) is a Banach space;

5. the set of simple functions in L∞ is dense in L∞.

Theorem 20.6. If 0 < p < q < r ≤ ∞, then

1. Lq ⊂ Lp + Lr;

2. Lp ∩ Lr ⊂ Lq and ∥f∥q ≤ ∥f∥λp∥f∥1−λ
r , with λ = q−1−r−1

p−1−r−1 .

Proof. For (1), write f = f1{|f |≤1} + f1{|f |>1} = g + h. Then∫
|g|r =

∫
|f |r1{|f |≤1} ≤

∫
|f |q1{|f |≤1} <∞

=⇒ g ∈ Lr,∫
|h|p =

∫
|f |p1{|f |>1}

≤
∫
|f |q1{|f |>1} <∞

=⇒ h ∈ Lp.
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For (2), set α = r−p
r−q , β = r−p

q−p , a = p(r−q)
r−p , b = r(q−p)

r−p . By Hölder’s inequality,

∥ |f |q ∥1 ≤ ∥ |f |a ∥α ∥ |f |b ∥β.

Therefore ∫
|f |q ≤

(∫
|f |p

) r−q
r−p
(∫
|f |r
) q−p

r−p

= ∥f∥
p(r−q)
r−p

p ∥f∥
r(q−p)
r−p

r

∥f∥q ≤ ∥f∥
p(r−q)
q(r−p)
p ∥f∥

r(q−p)
q(r−p)
r ,

and one checks that λ = p(r−q)
q(r−p) .

Theorem 20.7. If µ is a finite measure and 0 < p < q ≤ ∞, then Lq ⊂ Lp

and ∥f∥p ≤ ∥f∥q µ(Ω)
1
p
− 1

q for every measurable f : Ω→ R.

Proof. Set α = q
p and β = q

q−p , so that 1
α + 1

β = 1. Then∥∥ |f |p ∥∥
1
≤
∥∥ |f |p ∥∥

α

∥∥ 1 ∥∥
β∫

|f |p dµ ≤
(∫
|f |q dµ

) p
q
(∫

1 dµ

) q−p
q

∥f∥p ≤ ∥f∥q µ(Ω)
q−p
qp = ∥f∥q µ(Ω)

1
p
− 1

q .

20.2 The dual space of Lp

Let p, q ∈ [1,∞] with 1
p + 1

q = 1. For each g ∈ Lq, the map φg : Lp → R
defined by

φg(f) =

∫
Ω
fg dµ

is a linear functional on Lp:

1. φg(αf) = αφg(f) for all α ∈ R and f ∈ Lp;

2. φg(f + h) = φg(f) + φg(h) for all f, h ∈ Lp.
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Remark. Given φ : E → R,

∥φ∥ = sup
u∈E, ∥u∥=1

|φ(u)|.

Theorem 20.8. If q ∈ [1,∞), then

∥φg∥ = ∥g∥q.

If q =∞ and µ is σ-finite, then also

∥φg∥ = ∥g∥∞.
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21 Lecture 21

Theorem 21.1. If p ∈ (1,∞), the map g 7→ φg is a bijective isometry
between Lq and (Lp)∗, where 1

q + 1
p = 1. The same holds for p = 1 when µ

is σ-finite.

Definition 21.2. We define

E∗ = {bounded linear functionals on E}.

For φ ∈ E∗ we set ∥φ∥ = sup∥v∥=1, v∈E |φ(v)|. An element ψ ∈ (E∗)∗ is a
bounded linear functional ψ : E∗ → R. Each x ∈ E defines one:

ψx : E∗ → R, φ 7→ φ(x).

We say that E is reflexive when the canonical map x 7→ ψx is a bijection
from E onto (E∗)∗.

Corollary 21.3. If p ∈ (1,∞), then Lp is reflexive.

Proof. We have

(Lp)∗ ≃ Lq

((Lp)∗)∗ ≃ (Lq)∗ ≃ Lp.

21.1 Conditional expectation

Let (Ω,F ,P) be a probability space and B ∈ F with P(B) > 0. For each
event A, the conditional probability of A given B is defined by

PB(A) = P(A|B) =
P(A ∩B)

P(B)
.

The function PB : F → R is a probability measure on (Ω,F ).

Now, given an integrable random variable X and a sub-σ-algebra G of
F , we look for a random variable Y such that
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1. Y is G -measurable;

2.
∫
A Y dP =

∫
AX dP for every A ∈ G .

The restriction P|G : G → R is a probability measure on (Ω,G ). Let ν1 : G →
R, A 7→

∫
AX

+ dP, and ν2 : G → R, A 7→
∫
AX

− dP; both are finite measures,
since X is integrable. If A ∈ G satisfies P(A) = 0, then ν1(A) = ν2(A) = 0,
so ν1, ν2 ≪ P|G . By the Radon–Nikodym theorem there exist G -measurable
Y1, Y2 with dν1 = Y1 dP|G and dν2 = Y2 dP|G . Set Y = Y1 − Y2, which is
G -measurable. If A ∈ G ,

ν1(A) =

∫
A
Y1 dP|G =

∫
A
Y1 dP,

and analogously for ν2. Subtracting,∫
A
X dP =

∫
A
Y dP, ∀ A ∈ G ,

which is the required property. As for uniqueness: if Z is G -measurable
and satisfies the same, then

∫
A(Y − Z) dP = 0 for every A ∈ G ; taking

A = {Y > Z} and A = {Y < Z}, both in G , gives Y = Z P-a.s.

Theorem 21.4. Let X be an integrable random variable and G a sub-σ-
algebra of F . Then

a) there exists a random variable Y such that

• Y is G -measurable;

•
∫
A Y dP =

∫
AX dP for every A ∈ G ;

b) if Z is a random variable satisfying those two conditions, then Z = Y

a.s.

Y is called the conditional expectation of X given G and is denoted by
E[X|G ].

Remark. The distribution of X is PX(A) = P{X ∈ A}. Analogously, the
law of X conditioned on the event B is PB

X (A) = PB{X ∈ A}.
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Example 21.5. If X = c is constant, then E[c|G ] = c.

Example 21.6. If G = {Ω, ∅}, then E[X|G ] = E[X].

Example 21.7. If Ω =
⊎n

k=1Bk with B1, . . . , Bn ∈ F and P(Bk) > 0 for
every k, and G = σ({B1, . . . , Bn}), then

E[X|G ] =
∑

1≤k≤n

(
1

P(Bk)

∫
Bk

X dP
)
1Bk

,

where each summand is the average of X over the atom Bk.

Example 21.8. If Ω =
⊎∞

k=1Bk with Bk ∈ F and P(Bk) > 0 for every k,
and G = σ({Bk : k ≥ 1}), then

E[X|G ] =
∑
k≥1

(
1

P(Bk)

∫
Bk

X dP
)
1Bk

.

Example 21.9. Let A ∈ F and let G ⊂ F be a sub-σ-algebra. The
conditional probability of A given G is defined by

P[A|G ] = E[1A|G ].

Proposition 21.10. Let X,Z be integrable random variables and G a sub-
σ-algebra of F . Then

1. if α ∈ R, then E[αX|G ] = αE[X|G ];

2. E[X + Z|G ] = E[X|G ] + E[Z|G ];

3. if X ≤ Z, then E[X|G ] ≤ E[Z|G ];

4. E(E[X|G ]) = E[X];

5. if H ⊂ G , then
E[E[X|G ]|H ] = E[X|H ].

Proof. Write XG = E[X|G ] and ZG = E[Z|G ]. In each case it suffices
to check that the proposed candidate is G -measurable and has the same
integrals as the left-hand side over every A ∈ G ; a.s. uniqueness does the
rest.
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1. αXG is G -measurable and, by linearity of the integral,∫
A
αXG dP = α

∫
A
X dP =

∫
A
αX dP, ∀ A ∈ G .

2. XG + ZG is G -measurable and, if A ∈ G , then∫
A
(XG + ZG ) dP =

∫
A
X dP+

∫
A
Z dP =

∫
A
(X + Z) dP.

3. If X ≤ Z, let A = {XG > ZG } ∈ G . Then∫
A
XG dP =

∫
A
X dP ≤

∫
A
Z dP =

∫
A
ZG dP,

which forces P(A) = 0; that is, XG ≤ ZG a.s.

4. Taking A = Ω ∈ G :
∫
Ω
XG dP︸ ︷︷ ︸

=E[E[X|G ]]

=

∫
Ω
X dP︸ ︷︷ ︸

=E[X]

.

5. If H ⊂ G and A ∈H , then A ∈ G and∫
A
E[X|G ] dP =

∫
A
X dP =

∫
A
E[X|H ] dP;

since E[X|H ] is H -measurable, it agrees a.s. with E[E[X|G ] |H ].
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22 Lecture 22

Proposition 22.1. Let X,Z be integrable random variables and G a sub-
σ-algebra of F . Then

1. if Z is G -measurable and ZX is integrable, then

E[ZX|G ] = Z E[X|G ];

2. if X is independent of G , then

E[X|G ] = E[X].

Proposition 22.2. Conditional Jensen inequality. Let φ : R→ R be a
convex function, X a random variable such that X and φ(X) are integrable,
and G a sub-σ-algebra of F . Then

φ (E[X|G ]) ≤ E[φ(X)|G ] a.s.

Proposition 22.3. (Conditional versions of the convergence theorems.) Let
(Xn) be a sequence of integrable random variables and G a sub-σ-algebra of
F . All equalities and inequalities hold a.s.

1. If Xn ↑ X with X integrable, then E[Xn|G ] ↑ E[X|G ].

2. If Xn ↓ X with X integrable, then E[Xn|G ] ↓ E[X|G ].

3. (Conditional Fatou) If Xn ≥ 0 for every n ≥ 1, then

E[lim inf
n

Xn|G ] ≤ lim inf
n

E[Xn|G ].

4. (Conditional DCT) If |Xn| ≤ Z for every n ≥ 1 with Z integrable and
Xn → X a.s., then E[Xn|G ]→ E[X|G ].

112



23 Lecture 23

Let (Ω,F ,P) be a probability space and X an integrable random variable.
If Y is a random variable, we define

E[X|Y ] = E[X|σ(Y )].

If Yi, i ∈ I, are random variables, we define

E[X|Yi, i ∈ I] = E[X|σ({Yi : i ∈ I})].

Theorem 23.1. Let Y,Z be random variables. The following are equivalent:

a) σ(Z) ⊂ σ(Y );

b) Z is σ(Y )-measurable;

c) there exists a Borel measurable function g : R→ R with Z = g(Y ).

Proof. (a) ⇔ (b). If σ(Z) ⊂ σ(Y ) and A ∈ B(R), then Z−1(A) ∈ σ(Z) ⊂
σ(Y ), so Z is σ(Y )-measurable. Conversely, if Z is σ(Y )-measurable, then
σ(Z) = {Z−1(A) : A ∈ B(R)} ⊂ σ(Y ).
(c) =⇒ (b) is immediate, since a composition of measurable functions is
measurable.
(b) =⇒ (c). Let first Z be simple, measurable and nonnegative, say

Z =
n∑

j=1

zj1Aj .

Since Aj ∈ σ(Y ),9

Z =
n∑

j=1

zj1Bj (Y ) = g(Y ).

Now suppose Z is measurable and nonnegative. There is a sequence (Zn)

of nonnegative simple random variables with Zn ↑ Z, each Zn being σ(Z)-
measurable, so that

σ(Zn) ⊂ σ(Z) ⊂ σ(Y ).

9That is, Aj = Y −1(Bj) with Bj ∈ B(R).
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By the first part, for each n ≥ 1 there is a Borel measurable gn : R → R
with Zn = gn(Y ). Let g̃ = supn≥1 gn : R → [0,∞]. For ω ∈ Ω we have
gn(Y (ω)) = Zn(ω) ↑ Z(ω), hence g̃(Y (ω)) = Z(ω). Set A = g̃−1({∞}) ∈
B(R) and

g = g̃ · 1Ac : R→ [0,∞),

which is Borel measurable. For every ω ∈ Ω, Z(ω) = g̃(Y (ω)) = g(Y (ω)).
Finally, if Z is measurable of arbitrary sign, apply the above to Z+ and Z−

(which are nonnegative and σ(Y )-measurable) to obtain

Z = Z+ − Z− = g1(Y )− g2(Y ) = g(Y ), g = g1 − g2.

Corollary 23.2. If X is an integrable random variable and Y is a random
variable, then

E[X|Y ] = g(Y ), (1)

where g : R→ R is a Borel measurable function.

Remark. If y ∈ R and g satisfies (1), we define

E[X|Y = y] = g(y).

Theorem 23.3. Let X be a nonnegative integrable random variable and Y
a random variable. Let PY be the law of Y and ν : B(R)→ R be given by

A 7→
∫
Y −1(A)

X dP.

Then

1. ν is a measure on (R,B(R));

2. E[X|Y = y] = dν
dPY

(y).

Proof. Item (1) is proved exactly as item (a) of the change-of-measure the-
orem: ν is the measure with density X with respect to P, transported to R
by Y .
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For (2), let f : R → R be Borel measurable with f(Y ) = E[X|Y ];
such an f exists by the previous corollary. By the definition of conditional
expectation, f(Y ) is σ(Y )-measurable and∫

A
f(Y ) dP =

∫
A
X dP, ∀ A ∈ σ(Y ).

Every A ∈ σ(Y ) is of the form A = Y −1(B) with B ∈ B(R). Setting
h(y) = 1B(y)f(y) and using the change-of-variables theorem,∫

A
f(Y ) dP =

∫
Y −1(B)

f(Y ) dP

=

∫
Ω
f(Y )1Y −1(B) dP

=

∫
Ω
h(Y ) dP

=

∫
R
h(y) dPY (y)

=

∫
R
1B(y)f(y) dPY (y).

On the other hand, this value equals
∫
Y −1(B)X dP = ν(B). Since this holds

for every B ∈ B(R), we conclude that dν = f dPY , that is, f = dν
dPY

PY -
a.s.

Remark. If g1 and g2 satisfy (1), then g1 = g2 PY -a.s.; in particular, E[X|Y =

y] is well defined for PY -almost every y.

Remark. If y0 ∈ R is such that P(Y = y0) > 0, then

E[X|Y = y0] = E[X|{Y = y0}] =
1

P{Y = y0}

∫
{Y=y0}

X dP.

Remark. Recall that

PB(A) = P(A|B) =
P(A ∩B)

P(B)
.

Then
EB[X] = E[X|B] =

∫
Ω
X dPB =

1

P(B)

∫
B
X dP.
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