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1 Economy 2 x 2

We consider an economy with 2 consumers and 2 goods without the possibility
of transformation (production). Each consumer possesses initial quantities of

each good; these are (initial) endowments:

1 1,1
w' = (wg,wy)

2 2 2
w? = (wi,ws).
Exchange is voluntary and occurs when both benefit from it. To measure when
they benefit, we associate to the preferences of the consumers >; utility functions

ui(zt,2%), i = 1,2. Thus, each consumer is defined by their pair (u?,w?).!

Remark. A very useful graphical tool in studying this economy is the well-
known Edgeworth box. It is a rectangle O with length @; = w! +w? and height
Wo = wa + w3. The points in [ represent all possible ways of distributing the
goods. In the Edgeworth box, it is also possible to represent the indifference

curves of the consumers.

Figure 1: Edgeworth box.

Fore more details, see Microeconomic Theory by Mas-Colell et al. Chapter
15.

'mplicitly, unless the contrary is said, we assume that preferences are rational and con-

tinuous.



Figure 2: Preferences in .

The interest next is to study exchanges through the market. In this regard,
we introduce a price vector p = (p1,p2) associated with each consumer good.
The prices set the rate of exchange for the goods: the good delivered must be
worth the same or more than the good received. In this sense, if consumer i
with initial endowment (w?,w?) wishes to consume (%, %), with w! > 2% and

wh < b, it must be satisfied that

p1( wi — ) > pa( zh — wh )- (1)

what is willing to give what desires to obtain
Rewriting 1 we get
7 )
P2 _wi— )
p1 Ty —wh

1T} + parly < prwl + pows.

The first equation, when equality is achieved, tells us that individual ¢ gives up
wi — @ units of good 1 in order to consume 22 units of good 2. On the other
hand, the second equation is known as the budget constraint of individual .
Given that p-w® € {2 : p- 2%} for i = 1,2, the same line defines the budget

constraint for each consumer in .
Proposition 1. The budget line is orthogonal to the price vector (p1, p2).

Proof. From the perspective of ¢ = 1, an element on the budget line is of the

I-pix} I-piz;
form a = (x}ﬂ, %). Another element would be b = (xil, %). Here



I=p-w' Thus,

1 1
| Ty Tp1 _
p-(a—0) = Fematy | 7\ repats =0.
P2 D2 D2
O
Os
Bs(p)
B] (p) w
O,

Pendiente: (—?’—1) <\
P2

Figure 3: Budget set.

In the market, each consumer maximizes their utility subject to the budget

constraint. That is, for ¢ = 1,2

max  u'(z},xh)
Pi: < s.t. P17y + porh < prwl 4 powl
xi, x> 0.
| °
Z1(p,p-wi)

Bi(p)

Wa1 peeaaeczcse e om NS D — Z1

o} w11

Figure 4: Optimal consumption.



Definition 2. We say that a market is in equilibrium if all consumers obtain
what they wanted. These are the prices that balance the market: equilibrium
prices. Formally, by solving each consumer’s optimization problem P;, we

obtain their demand correspondence
xz(P) = (xli(Pl,pz)vxé(pl,pz))
and their excess demand
' (p) = w' = (21 (p1,p2), 25 (p1, p2)) — (W], wh).

The condition that defines equilibrium prices is that the sum of excess demands

from consumers equals zero. This is:
z(p) + 2% (p) — w' —w? = 0.
Note that these are two equations, which, broken down, are given by
1 2 _
z1(p) +2i(p) —w1 =0
3(p) + 23 (p) —wo = 0.
Proposition 3. Analytically, if solutions are interior and utility functions are

differentiable and satisfy Inada’s conditions®, the consumer problem is solved

by making
Umgi _ P Umg?
Umgy p2  Umgs

in conjunction with

and

2 (p) —w' + 23(p) —w? = 0.

Proof. The conditions
Umg% _p_ Umg%

Umgs p2  Umg3

2So corner solutions are disregarded.



and
p-at(p) =p-w(p)
p-a*(p) =p-w?(p)
arise from the first order conditions of the Lagrangian function (for each )
L (2}, 25, 0) = Us(ay, 25) + Ap-w' —p-a’).

Finally, 2*(p) — w! +22(p) — w? = 0 is precisely the equilibrium price condition.
O

Definition 4. In a consumption scenario, if no improvement can be made for
both consumers simultaneously—meaning neither consumer is strictly better off
and at least one is strictly better than before—the allocation is referred to as a

Pareto Optimum or Pareto Efficient.

We will return to this concept in much more detail later, but for now, we

are making a very basic analysis in the case of 2x2 economies.

Proposition 5. The conditions for achieving a Pareto optimum (differentiable

case with monotone preferences) are:

p— 2
Umgi(z')  Umg3(z?) 2)
ot 2?2 = wl 4 W2 (3)

In particular, a market equilibrium is a Pareto equilibrium. Note that

condition (1) is equivalent to TM Sy = T'MS,.
Proof. The first condition (2) is a direct consequence of solving
max U;(z}, x5)
st U_j(x7 25" > T.
Indeed, the associated Lagrangian is
Lt ah, 22 23, \) = Uy(ah, 2b) + MU — U,i(xfi,mgi)).

The second condition follows from the monotonicity of preferences. We leave

the remaining details to the reader. O
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Figure 5: Pareto set.

Definition 6. The set of all Pareto allocations® is known as Pareto set.

We now preview the famous welfare theorems, but for the 2 x 2 case, and
when preferences are represented by utility solutions. When we refer to trans-
fers, we mean modifications to the budget constraints that involve adding T; €
R, where T; > 0 represents a subsidy and 7; < O represents a tax. The state-
ments below are informal. We will provide the formal statements when we

address the case of pure exchange economies and with production.

Theorem 7. First Welfare Theorem. In the economy
&= {(u17w1>7 (u27w2)}

if the utilities of the consumers are monotone, every Walrasian Equilibrium

generates (is) a Pareto Optimum (allocation).

Theorem 8. Second Welfare Theorem. In the economy
&={(U"w'), (U*w?)}

if the utilities of the consumers are increasing, continuous, and strictly concave,
every Pareto Optimum (allocation) corresponds to a Walrasian Equilibrium
provided that an appropriate wealth transfer has been made beforehand.

H(=1,23), (23,23)}




1.1 Exercises

1. Suppose that in a 2 X 2 economy consumer 7 has Cobb-Douglas preferences
wi (X1, o) = :E‘f‘i:r%;a. Furthermore, assume that endowments are w; = (1,2)
and ws = (2,1). Find Pareto optimal assignments and the (a) Walrasian equi-
librium.

2. Consider a 2 x 2 economy such that

1
-8
u1($117$21) =11 — gxgl
1 g
Uz (212, Ta2) = —< Ty + Too.

8
Consider the endowments, w; = (2,r) and wr,2) with r = 28/9 —21/9 > 0.
Compute the offer curve® of each individual.
3. In each of the following cases, draw the Edgeworth box, some indifference
curves for each consumer, the Pareto set and the core (contract curve). Finally,

find Walrasian (competitive) equilibrium in each case.
a) uy (1‘11,.1321) = 2.%%1.1321, U,Q(Z‘12,l‘22) = .Z‘12$%2, w1 = (2,3) and Wy = (1,2)
b) u1($11,$21) = 2x11 + To21, U2($12,$22) = 371233%2, w1 = (2,3) and wy =
(1,2).
C) ul(l’ll,ﬂfgl) = T11 -+ 1111'21, UQ($12,1’22) = T12 + 2111%22, w1 = (2,3) and
Wy = (1, 2)
d) wi(z11,221) = T11%21, u2(T12, T22) = min{z12, 22}, wy = (2,6) and wy =
(4,1).
e) uy (1‘11,.1321) = min{2x11,x21}, UQ(Z‘12,$22) = min{x12,2x22}, w1 = (1,2)
and we = (3,4).
Identify whenever it is possible the «type» (Cobb-Douglas, CES, Leontief, lin-
ear...) of the utility function.

4. Consider a 2 x 2 economy in which consumers preferences are monotonic.

Prove that

»1 (Z x1i(p1,p2) — Wl) + p2 <Z x2i(p1,p2) — wz) =0.

=1 i=1

4Maximization points given the budget set, which depend on (p1,p2).



5. Consider and Edgeworth box economy in which each consumer has Cobb-

Douglas preferences

a l1—«a
u1(T11,T21) = 27175

_ B ,.1-B
U2($127$22)—$12$22 ,

with «, 8 € (0,1). Consider endowments (wy;,ws;) > 0 for ¢ = 1,2. Solve for
the equilibrium price ratio and allocation.

6. Show that if both consumers in an Edgeworth box economy have continuous,
strongly monotone and strictly convex preferences, then the Pareto set has no

holes, this is, it is a connected set.

7. Under some conditions over the preferences, in a 2 x 2 economy, every
Pareto Optimal allocation can be characterized as the solution of the following

maximization problem

max u (1)
s. t. UQ(ZEQ) > k

T1 + T2 = wy + wo,

where k € R. Find the conditions over the preferences.

8. There are two consumers, A and B, with the following utility functions,
ua(ry,24) =alnzl + (1 —a)lnz?, w; = (0,1)
up(zh, 2%) = minzh, 2%, ws = (1,0).

Calculate the prices and quantities that clear the market.

9. Consider two individuals in a pure exchange economy whose indirect utilities

are

v1(p1,p2,¥) =Iny —alnp; — (1 —a)lnpy

U2(p1ap2ay) = lny - blnpl - (1 — b) h'lpz

Endowments are w; = (1,1) and wy = (1,1). Obtain the prices that clean the

market.

10



2 Robinson Crusoe Economy

In this economy, there is a single consumer, 2 goods, and there is production.
Initially, the consumer possesses an initial quantity of only one of the goods and
can produce the other good from it. The consumer certainly values both goods.

Formally, the consumer has an initial endowment: L, their preferences are
represented by a utility function u(L,C), where L is for «leisure»” and c is
the consumption of a certain good. Finally, the technology is determined by a

function f(-) such that C' = f(L). For clarity, we will use the following notation:
1. L, for the consumption of good L.
2. L, for the use of good L in the production of C.

3. The consumer’s problem is then to divide their initial endowment L =
Li + L, in such a way that with C = f(L;) his utility is maximized. In

other words, he solves

max  u(Lg,C)

Li+Lo=1L

Ly, Ly, C > 0.

For interior solutions, with differentiable utility and production functions

UmgL (L07 C)

Umgc(Lo,C) = f (Lt)

along with C' = f(L;) and L; + L, = L. This formulation (4) is known as the

centralized formulation.

The solution to (4) represents the (unique) Pareto efficient situation.
Now let’s consider what happens if we introduce a market. Suppose both L
and C are traded at the prices P, = w and Pg = p. On one side of the market,
we have «Robinson consumer» offering labor L;, consuming L, = L — L;, and

demanding C'. On the other side, there is Crusoe Inc., demanding L; to produce

5The consumers can use his time to work and produce C.

11



and supply C. The exchanges are made at market prices, resulting in profits
for the company. Since consumer Robinson owns Crusoe Inc., these profits are
incorporated into his budget constraint. In this scenario, which we will call the

market solution, firs, the individual solves

max pC —wly
———
profit

L;,C>0.

For interior solutions, when the production function is differentiable, the first-

order condition provides
w

f/ Ld = —.

(Lf) ’

Then, C* = f(L¢) and replacing in the profit function,
" =pf(L{) —wLf.

In a second stage, we analyze the budget constraint of consumer Robinson

Crusoe:

pC = wlL; + II*
pC +wL, = wL + IT*.
Thus, he solves
max  u(Le,C)
s.t. pC+wL,=wL+II*
C>0

0<L,<L.
When the utility function is differentiable, for interior solutions the following

first-order condition is obtained:

umgL(Lg,Cd) w
umgC(Lgy Cd) p
together with

pC 4+ wLe = wL + 11"

12



Definition 9. Equilibrium occurs when the quantities demanded and supplied

are equal:
Li=1L¢
ct=ce
and with L, = L — LS.
Remark. In general, we will assume:
1. f(0)=0, f/ >0, and f” < 0.

2
9. 9u du s 0 and Pu 0w - anq Pudlu ( 2 u ) > 0.

aC» oL dC2%r dL? dC? dL? dCOL
’ Market Equilibrium ‘ Pareto Optimum ‘
um (LO,C) _w __ um (LD,C) —
um!gyé(me) ~— p f/(Lt) umZé(me) - f/(Lt)
C = f(L) C = f(L)
Lt+LO:f Lt—l—Lo:f

we see that:
1. The market equilibrium is a Pareto optimum (First Welfare Theorem).

2. The Pareto optimum is a market equilibrium (Second Welfare Theorem).

2.1 Exercises

1. For each of the following cases, draw in the space «hours-product» (L, C) the
production function, hours limit, indifference curve, and budget set. Compute
the optimal amount of labor hours and consumption of the other good (i) by
solving the centralized problem, (ii) by means of a market structure. Compare

and comment.
a) u(ly,c) = 2c, c =+/{; and { = 10.
b) u(ly,c) = {?¢, c = ¢; and L = 10.
¢) u(ly,c) = %c, c=¢? and ¢ = 10.

d) u(ly,c) =€, ++/c, c = and £ = 10.

13



2. Prove that in an economy with one firm, one consumer, and strictly con-
vex preferences and convex technology®, the equilibrium level of production is
unique.

3. Consider an economy with one firm and one consumer where f(¢;) = \/Z;,
u(fy,c) = Inc+1Inl, and L = 1. Compute the equilibrium prices, profits, and

consumptions.

%You can assume a concave production function.

14



3 The 2 x 2 production model

Consider an economy with J firms. Each firm j produces a consumer good g;
directly from a vector of L primary (i.e. nonproduced) inputs (factors) z; =
(#1j,...,ar;) > 0. Firm j’s production takes place by means of a concave,
strictly increasing an differentiable production function f;(z;). The economy
has total endowments of the L factor inputs (Z1, ...,Z1) > 0. These endowments
are initially owned by consumers and have use only as production inputs. Let
us suppose the prices of the J7 produced consumption goods are fixed p =
(p1,-..,py). This assumption relies on the fact that we are interested in the
factor market(s). What we wish to determine if the equilibrium factor prices

w = (wy, ...,wr). Each firm solves
max p;fi(z) —w- z;.

The optimal j’s firm demand is z(p,w) C RE. An equilibrium for the factor

markets of this economy, given the fixed output prices p, is an input price vector

*

w* = (wf, -+ ,w}) and a factor allocation

(Zikv ,23) = ((Zikh 3221)7"' a(ZTJv"' »ZZJ))
such that

zi € zj(pyw), Vji=1,..,J

Zz;e :Eg, VI= 1,...7L.
J

First order conditions provide

of(z})
I N =1 J b=1.... L
Pi 0z v o o

S zy=z,Ve=1,.,L
J

The equilibrium output levels are then ¢ = f;(2}) for every j. Alternatively,
FOC can be stated in terms of cost functions ¢;(w, g;) for j =1, ..., J. Output

levels (qf,...,q%) > 0 and factor prices w* constitute (under this approach/for-

"Fach firm produces a single good.

15



mulation) an equilibrium if and only if

8cj(w*,q;f)
e Ak LA TS T
Dj 8%_ J
J

e, (w*, ¢
ZM=% Vi=1,..,L.

=1 awz

Note that the second condition can be re-stated by means of Shepard’s Lema

as follows:
J J

dc;(w*, ¢t
> = =

j=1 j=1
Remark. From the central planner point of view, the welfare-maximizing prop-
erty of competitive allocations lead to

max Z(pjfj(zj) —w* ~Zj), s. t.: Zz; = Z.

(2150+4,27)20 -
J

However, since ), 27 = Z, then w* - 2;) is constant. Thus, the problem becomes

ma; (2:), s. t.: 2 =7Z.
z?)ZO;p‘fJ( ]) ; yi

(2150005

Let us now be more specific and take J = L = 2. Hence, in this economy two
outputs are produced by means of two inputs (factor). Let us assume that the
production functions fi(z11,221), f2(z12,222) are homogeneous of degree one.
Usually, factor 1 is labor and factor 2 capital.

For every vector of factor prices w = (wi,ws), we denote ¢;j(w) the mini-
mum cost of producing one unit of good j and by a;(w) = (a1;(w), az;(w)) the
input combination (assumed unique) at which the minimum cost is reached. By

Shepard’s Lema
Vej(w) = (a1 (w), az;(w)).

16



{au(w)s azj(":’))

{alj(wj)v az;‘(“”)]

=
=

Figure 6: 2 x 2 model. From Mas-Colell et al. 1995 Chapter 15.

In Figure 6 (left side) it is observed the set
{(217,225) € RE: (215, 225) = 11,

along with the cost-minimizing input combination (a1;(w),as;(w)). On the

right side, we can observe a level set of the unit cost function
{(w1,w2) : ¢j(wy,ws) =¢}.

This curve is downward slopping since as w; increases, wy must fall in order to
keep the minimized cost of producing one unit of good j unchanged. Further-
more, the set

{(w1,w2) : ¢j(w1,ws) > ¢}

is convex because of the concavity of the cost function ¢;(w). Finally, note that

as we move along the curve toward higher w; and lower wo,

~

alj (’LU

~—

az; (w
falls (why? what about the vector Ve;(w)?).

1. Situate yourself in the Edgeworth box 2 x 2 for the factors z1, zo. Convince
yourself that, when a Pareto Optimal allocation lies in the diagonal, then the
Pareto set is precisely the diagonal. Hint: f; is homogeneous of degree one, i.e.,

constant returns to scale.

17



Definition 10. The production of good 1 is relativelty more intensive in factor
1 than is the production of good 2 if

all(w) alg(w)
a1 (w) = a2 (w)

at all factor prices w = (wy, ws).

Theorem 11. Stopler-Samuelson. In the 2 x 2 production model with the
factor intensity assumption, if p; increases, then the equilibrium price of the
factor more intensively used in the production of good j increases while the
price of the other actor decreases (assuming interior equilibrium both before

and after the price change).
2. Prove Stopler-Samuelson theorem. For this, use the fact that

61(w17w2) =P1
62(w17w2) = PpP2.

Differentiating, you should obtain the system

ap— [ an(wd),

(112(11)*) a9 (w*)

Factor intensity assumption implies that |A| > 0. Finally, take dp = (1,0) to
conclude that dw; > 0 and dwy < 0.
Since p; 1 implies w /w3 T, firms move to a less intensive use of factor 1. See

Figure 7.

Wk G =p

(W) =p} >p, 0,

Pareto Set

Initial Factor /”

Allocation - .
- Factor Allocation after

p, Increases

\r (W) =p,

(a) (b)

Figure 7: Stopler-Samuelson theorem.

18



Theorem 12. Rybcszynsky. In the 2 x 2 production model with the factor
intensity assumption, if the endowment of a factor increases, then the production
of the good that uses this factor relatively more intensively increases and the
production of the other good decreases (assuming interior equilibria both before

and after the change of endowment).

19



4 Pure Exchange Economy

We will start by addressing the basic pure exchange model:
1. A finite number of goods £ =1, ..., L and consumers i = 1, ..., I.
2. Pure exchange (without production, firms).

3. Goods are bought and sold at prices p € Ri, which are uniform and fixed
from the perspective of all consumers. Almost in every scenario, p € Ri L

When p, = 0 for a certain good, no one desires it.

4. Each consumer 4 has an endowment w’ € Ri and their preferences =;
will be represented by a utility function u® : Ri — R. Moreover, w =

S, wi >> 0 is the economy (total) endowment.

5. The objective of the consumer is to choose the best element (maximal)

according to their preferences within their budget set
L L
B(p,w') =z eRY: Zpgme < meé
=1 j=1

6. &= {r, wi}i:Lm,I (when possible we replace =; by ui) is a pure exchange

economy. Each consumer solves max, e p(p o) t'(2).

7. The set B(p,w') is convex and compact for p € R% . It is closed be-

cause B(p,w') = f,

B(p,w') C By (0, 1]::5 ) Hence, the budget set is compact, as claimed.

Therefore, if the utility function (u?) is continuous, the consumer’s prob-

(—o0,p - w'] with f,(x) = p- . It is bounded since

lem always has a solution (by the Weierstrass theorem). Moreover, if
u® is strictly quasi-concave, the solution is unique (see Mas-Colell et al.,

Chapter 3).

8. We define the demand function (correspondence to be formal, but we will

mainly assume that it is a function) of each consumer i, as

i. L L
' RY, — RY

p— xi(p) = argmaxzeB(p’wi)u(x).

20



4.1 Efficiency

In general terms, we have the following situation: ¢ = 1,...,I consumers who
can consume ¢ = 1,...,L goods. They "are born" with endowments w’ and
can trade, according to the exchange rates dictated by the price vector p, to
obtain new consumption bundles z°. A set of bundles {z,...,z'} is known as
an allocation, and we will now present a series of definitions and establish some
key results to address the topic of efficiency in this context. For now, we assume

there is no production.

Definition 13. Feasible Allocation. Given an economy & = {(w’, ;) :

i = 1,..,I}, a feasible allocation is a vector (z!,...,21) € Ri“ such that
I Iy

s TS YW

Some times, we make the distinction between allocations <® and allocations =".

Definition 14. Pareto Optimality. An allocation (z°)!_; is Pareto optimal

I

in € if it is < and there is no allocation < (y*)!_; such that y* =; 2? for every

i=1,...,1, and y" =, z" for some h € {1,... T}.
Sometime, the following definition is used.

Definition 15. Strong Pareto Optimality. A feasible allocation (z?, ..., 27) €
Rf_“ is a strong Pareto optimum if there does not exist (z!,...,z!) € Ri”

such that
1. v (@) > ui(a?) for i =1,..., 1.
2. w(z7) > u! (29) for some j € {1,...,T}.

Definition 16. Weak Pareto Optimality. A feasible allocation (z!,...,27) €
Ri” is a weak Pareto optimum if there does not exist (z*,...,77) € Ri”

such that u*(z') > u'(z?) fori =1, ..., I.

Definition 17. Walrasian Equilibrium. A Walrasian equilibrium in £ is a

pair (z,p): = = (29)]_; € Ri”, and p € R% (a price vector), such that:

I i I i
823:1 wl < 23:1 “’Z‘-
921‘:1 =30 Wt

21



1. Foreveryi=1,...,I, 2" € B(p,p-w?), and if y* € B(p, p-w?) then 2! =; y*

(all consumers optimize when choosing z* at prices p);
2. YI 2t =1 Wi (demand equals supply).

A characterization of Pareto optimal allocations. Let & = (>=;,w") be an
exchange economy in which each preference >; is represented by a utility wu;.

Consider the maximization problem P(%):

Max, cyt <1 ui(x1)
(PO) s.t. UZ(IEz)ZﬂZ Vi:2,3,...7.[,
I _
Eizl r; < W,
where 7 € R/ is a vector of utility values.

Proposition 18. Let each >; be continuous and strictly monotone. Then, an

allocation is a Pareto optimum iff there is u € R for which z solves P(u).

Theorem 19. First Welfare Theorem. In a pure exchange economy, if

preferences'’ »=; are locally non satiated, then every Walrasian equilibrium is

Pareto efficient.'!

Proof. See Chavez and Gallardo (2024) Chapter 10. You can prove it (it is not
so hard). 0

Definition 20. Walrasian Equilibrium with Transfers. A Walrasian equi-
librium with transfers is a tuple (z,p,T), where (z) € Ri“, p € R (a price

vector), and T = (T;)!_; € R! (a vector of net transfers), such that:

1. For every i = 1,...,I, 2* € B(p, M;), and if 2* € B(p, M;) then x? = 2,
where M; = p-w’ +T; (consumers optimize by choosing z* in their budget

sets);
2. Y 2t =1 wi (demand equals supply);

3. Zle T; = 0 (net transfers are «budget balancedy).

10We always assume that these are rational. Actually, some texts such as Echenique’s lecture

notes, start defining preferences as a complete and transitive binary relation.
' The allocation of the Walrasian equilibrium is Pareto optimum.
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Theorem 21. Second Welfare Theorem. In a pure exchange economy, if
preferences are strongly monotone, convex and continuous'” and x* is a Pareto
optimum such that z* >> 0'?, then, there exists p € ]Rf_+ and T € RY, > T =

0, such that (z*,p*,T) is a Walrasian equilibrium with transfers.

Proof. To prove this theorem, the separating hyperplane theorem is fundamen-
tal. You can find a proof in Chévez and Gallardo (2024) Chapter 10 or

The proof is not as easy as the one for the First
Welfare Theorem. O

Definition 22. Coalition. A coalition is any non-empty subset of 1.

Definition 23. Blocking. A coalition S C I blocks a feasible allocation

(2')i=1,....,r € REL if there exists an allocation (2%);cs € Rixs such that
1. Foralli e S: & =; 2°.
2. ZieS it < ZiES w'.

Definition 24. The core of an economy N (£) is the set of all feasible allocations

that are not blocked by any coalition.

If W(E) is the set of all Walrasian equilibrium allocations, P(E) the set
of Pareto optimum allocations, then when preferences are continuous, strictly

convex, and strictly (strong) monotone W(E) C N(€) C P(E).

4.2 Excess of demand and existence of the Walrasian
equilibrium
Definition 25. The excess demand function'* of consumer i is
zi(p) = zi(p,p - wi) — wi,

where z;(p, p - w;) is consumer’s ¢ Walrasian demand function. The (aggregate)

excess demand function of the economy is

2(p) =Y zi(p)-

%

12See Chavez and Gallardo (2024) for the definition.
13Note that it is implicitly required that @ >> 0, why?
MEormally, we should speak about correspondences. The generalization is not so hard but
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Proposition 26. If (=;,w;)!_; is an exchange economy in which @ = Zle w; >
0 and each =; is continuous, strictly convex and strictly monotone, then the

aggregate excess demand function satisfies:
1. z is continuous.
2. z is homogeneous of degree zero.
3. Walras Law: V p € RE : p-z(p) = 0.
4. Bounded below: 3 M > 0 such that V £,p € RE | z(p) > — M.

5. Boundary condition: if {p"} is a sequence in R%, and p = lim,, p" where
p € R{\RY | and p # 0, then there is ¢ € {1,..., L} such that {z(p")}, is

unbounded.

Theorem 27. Let X be a non empty convex and compact subset of R™ and
f : X — X a continuous function. Then, there exists x* € X such that
f(z*) = z*.

Theorem 28. Existence of Walrasian equilibrium. In the context of
Proposition 26, for z : Ri — RE, there exists p* € Ri such that z(p*) < 0.

Furthermore, if z : R%, — R”, there exists p* such that z(p*) = 0.

Proof. First, since z is homogeneous of degree zero, we can restrict p to the A

(also known as n—dimensional simplex), defined as follows:

L
A:{pERi: Zm:l}.

(=1

This set is clearly convex and compact. Indeed, given p1,p2 € A and 6 € [0, 1],

p3=0p1 + (1 —0)ps € A:

=1 =1
L L
=0y pr+(1-60)> 1}
/=1 =1
—9+(1-0)=1




With respect to the compactness, A is closed since it is the intersection of
the orthant R% and the hyperplane H ((1,...,1),1). It is bounded since A C
[0,1]F. Hence, since all of this occurs in R, A is a compact set. It is therefore
possible to apply Brouwer fixed point over A. We would only need to prove
that z(p) + p maps A onto A. However, this is not the case in general. This is
where the following trick is employed, which allows us to conclude the matter
using Brouwer’s Fixed Point Theorem. Let us define ¥ : A — R’ defined as

follows:
pe + max{0, z¢(p)}

L= )
1+ Yo, max{0, 2(p)}
Since Zle pe =1,

i\h _ i{ pe + max{0, z,(p)} )}} —1,

T
= = |1+ 222, max{0, z(p

ie., ¥(A) C A. Hence, by Theorem 27, there exists p* such that ¥(p*) = p*.
This yields to: V£ =1,...,L

. p; +max{0, z,(p*)}
?
1+ Y7, max{0, z(p*)}

L
P (1 + > max{0, Ze(p*)}> = pj +max{0, z(p")}

=1

L
v} Z max{0, z¢(p*)} = max{0, z¢(p*)}
=1

M=

2e(p*)p; p_ max{0, z(p")} = ze(p”) max{0, z,(p*)}
=1
I L
> z0)p; [Z max{0, Zz(p*)}] = z(p") max{0, z(p*)}
=1 =1 =1
=0
Therefore,
2
Z ze(p*) max{0, z¢(p*)} = 0. (5)
=1

for simplicity, we work only with functions, unless the contrary is said.
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Equation 5 points out that z,(p*) < 0, V £ = 1,..., L. Finally, once again by

Walras Law, since we must have

L
> piz(pt) =0 (6)
=1

with p; > 0, combining (6) with Equation 5, we must have p;z,(p*) = 0 for
all £ = 1,..., L. Finally, for py > 0, necessarily z,(p*) = 0 for all £ = 1,..., L,
which concludes the proof. Note that we are using the strict convexity of the

preferences to ensure that z is a function. O
Some comments on the existence theorem of Walrasian equilibrium:

1. The argument is essentially topological as it makes use of Brouwer’s the-

orem.

2. If we wanted to work with correspondences, it is imperative to use Kaku-

tani’s Theorem, which is a generalization of Brouwer’s theorem.
3. For more details on the matter, see Echenique’s

4. For our proof, which only uses Brouwer’s fixed point theorem, we have fol-
lowed Varian (Microeconomic Analysis) and Ellickson (Competitive Equi-

librium Theory and Applications).

5. The theory of General Equilibrium (at least the one presented in these
lecture notes, avoiding the differential approach or/and infinite goods)

was developed by Kenneth Arrow, Gérard Debreu, and Lionel McKenzie.

4.3 Exercises
1. [Adapted from Aliprantis et al.|] Consider an economy with 3 consumers and
2 goods. Utilities and endowments are given by

ui(z11,221) = 331{2 + 3?;{27 (wit,w21) = (1,2)

u2 (212, T22) = min{x1a, Ta2}, (wi2,w22) = (3,4)

u3 (213, T23) = T23e™*?, (w13, wa3) = (1,1).
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Prove that the optimal demands are given by

_ P2p1 +2p3 I Pt + 2papy

T =5, X2
Pt + pap1 pap1 + D3
iy = gy = SPLTAP2
p1+p+2
D2 D1
T13 = —, Toz = —.
b1 D2

2. Find the optimal demands in a pure exchange economy with L consump-
tion goods, N consumers, where each consumer k = 1,..., N has preferences

represented by
L
up(zr) = [ 25",
=1

Zle ag, = 1, ag, € (0,1), and endowments wy, > 0. Do not seek to find the
Walrasian equilibrium.
3. Consider an economy with N consumers, two goods, and preferences given
by

wi (214, T95) = T3, + 5.
Endowments are w; = (1,1). If N is even, find, if it exists, a Walrasian equilib-
rium. What if N is odd?
4. Consider a pure exchange economy where all consumers have the same pref-
erences. Under what (minimal) conditions over the preferences, an allocation
where every single individual consumes the same bundle is Pareto efficient?

5. Prove Proposition 26. You will need Berge theorem.

6. Let z(p1,p2) = (i’;% “;’;1) — (A4, B). Prove that z satisfies the five properties

of an excess demand function.

7. Consider a 2x2 economy where the first consumer has preferences represented

by a Cobb-Douglas utility function
ur (211, T21) = 11221
and initial endowment w; = (2,6). The second consumer has preferences
uz (212, 222) = min{z 2, 222}

and initial endowment wy = (4,1). Let p = (p1,p2) € R3 .
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a) Find the demand (correspondence) of each consumer.

b) Find the excess demand (correspondence) of each consumer.

c) Verify if 2 satisfies the usual properties of excess demand functions.
d) ;Is there an equilibrium in this economy?

e) Find the Pareto optimal allocations.

8. There is an alternative approach to characterizing Pareto efficient allocations
that is sometimes useful. In this approach, one considers maximizing a linear
(Bergson-Samuelson) social welfare function of the form ", a;u; subject to a

resource constraint. The program is:
max E i (Tity - ooy L)
L1y, =
K3

subject to
in < Zwi.
i i

Prove this equivalence. Hint: apply FOC to the PO problem.
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5 Economies with production

1. Economic agents are capable of transforming bundles of goods.

2. Each firm j =1, ..., J is defined by its possibilities of transforming bundles,
which we will call technology. These are denoted Y;.

3. They maximize their profit.

4. yP is the bundle of goods used as input and y© is the bundle of goods
produced by the firm.

5. If y is a production plan, y” = —min{y,0}. On the other hand, the
supply is y© = max{y,0}.

y =y° — yP = max{y, 0} + min{y, 0}.
6. If y < 0, good ¢ is used as input, in the amount |y¢| = —y.

Note. From now, we will assume that technologies are non empty closed sets.

Remark. Sometimes we can write Y by means of a function F : R — R

Y ={yeRV: F(y) <0}.

When there is a single product,

Y ={(y,—z) eR" 1y < f(x), y,x >0}

Definition 29. A technology Y C R% exhibits

1.

Possibility of inactivity: 0 € Y.

Possibility of free disposal: if y € Y and 3/ <y (in each component), then
yevy.

No free lunch: if y € Y with y > 0, then y = 0.

Strictly bounded: if there exists K € R such that every y € Y satisfies
ye < K.
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Definition 30. A technology Y C R¥ is convex if it is a convex set. Moreover,

it is strictly convex if V y1,y2 € Y and « € (0, 1):
ayr + (1 —a)ys € Y°.
Given the prices p >> 0, the profit from the plan y is
py = pmax{y,0} + pmin{y, 0}
= pmax{y,0} — p(— min{y, 0})
=py° — py”
=1,-C,

where I, is the revenue from sales and C), is the cost. The objective of the firm

is to solve
max py
s.t.yeyY.

Theorem 31. If the set Y is compact and strictly convex, then the problem

has a solution, which is unique § € Y and such that pg > py, Vy € Y.

The theorem ensures the well-defined nature of 7(p) = maxycy {py} and of the

supply function y(p) = Argmax py s.t. y € Y. Note that 7(p) = py(p).

Theorem 32. Given a technology Y that is non-empty, strictly convex, closed,

and bounded above, the supply satisfies:

1. It is continuous.
2. It is homogeneous of degree zero.

3. It is bounded above.
On the other hand, the profit function is
1. Continuous.
2. Homogeneous of degree one.
3. Convex.
Proof. The proof requires Theorem ?? for all the results related to continuity.

The other properties are straightforward to derive. O
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5.1 Private ownership economies

There are L goods, I consumers, and J firms:
1. Bach firm j has a technology Y;.

2. Each consumer 4 has an initial endowment w;, a preference >; over the
consumption space, and shares in the profits of each firm, stacked in the

vector 92 62 = (91‘1, ...,QU), 0 < Hij < 1 and 21'1:1 Qij =1.

Then, a private ownership economy is the collection (or tuple)

E={(wi,=i)i=1,..1. V5)j=1,...7, (0ij)i=1,....1,j=1,....7 }-

We assume that, for & = Zle w; and Y = ijl Y7, there exists y' € Y such
that
w+y >>0.

In other words, there exists a production plan such that, starting from the initial
endowment, we can obtain positive quantities of all goods. Viewed another way,
if there are no units of a good, it can be produced in some quantity without
depleting another of the economy’s initial goods.

In an economy with production &, each firm j, by solving its profit maximization

problem

max py

st.yeY?

generates a supply y’(p) and profits 7/ (p) = py’/(p). In turn, each consumer i

solves
max u'(z)
J .
s.t. pr < pw; + Z 0ipy’ (p)
j=1
x>0

and generates a demand z°(p).
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Note. From now on, we assume that
1. »; are rational, continuous, strictly convex, and strongly monotonic.
2. Y7 are closed, bounded above, strictly convex, and with 0 € Y7.

Theorem 33. For every p € RJLFJF, there exists a unique z*(p) € ]Ri solution to

the problem of the economy &£, which satisfies:
1. Va>0: zi(ap) = 2'(p) - homogeneous of degree zero.
2. pzri(p) = pw' + Z'j]:l 0:;py;(p) - Walras’ law.
3. 2’ : RE, — RE is continuous.

Theorem 34. For any sequence (of vector prices) that converges to a point on
the boundary of RL_, that is, p™ — p, where p is non-zero but there exists an

£ such that p, = 0, either
max zh(p") — oo, for somei=1,.., 1T

or

mein yz(p”) — —oo, for some j=1,...,J.

Definition 35. In a production economy, the excess demand function is

z(p) = sz(p) - Zy;(p) — Zwi.

i=1
Definition 36. For an economy £ with an aggregate excess demand function

z:RE, — RE, we say that p* is an equilibrium price if z(p*) = 0.

Theorem 37. In the case of an economy with production, the properties of the

excess demand function from a pure exchange economy still hold.

Definition 38. Given an economy with production

E={(wi,=i)i=1,..1,(Y5)j=1,....0, (0ij)i=1,...1j=1,..0 }

a feasible allocation is a vector (z!,...,z7, y!,...,y”) € RZE x R7L such that



Definition 39. An allocation (z,y) € RI* x R’F is an equilibrium if there

exists p € R, such that:
1. Forall j =1,...,J: py/ > py for all ¥/ € Y7: firms maximize.
2. Foralli=1,...,I: px* <pw+ Z}]:l 0,;py’: feasibility of the allocations.

3. Forall i = 1,...,I: u'(x) > u'(x?) implies pr > pw’ + Z}le 0,;py’: con-

sumers maximize.

Definition 40. Pareto Optimality. An allocation (z,y) in £ is Pareto opti-
mal'® if there is no allocation (Z,¢) such that #; =; x; for every i = 1,...,1,

and Zp >p, xp, for some h € {1,...,T}.

Definition 41. Weak Pareto Optimality. An allocation (z,y) is a weak

Pareto optimum if
1. Tt is feasible.

2. 3(z,9) feasible such that V i = 1,...,I, ©* = ' and for at least one
he{l,., I}, i ah

Theorem 42. First Welfare Theorem in a POE. Assume that in a POE
consumers’ preferences are locally nonsatiated. Then, every equilibrium alloca-

tion is a strong Pareto optimum.

Definition 43. Walrasian Equilibrium. Let £ be a private ownership econ-
omy. A Walrasian Equilibrium is a pair (z,y) € Rer X RiL, together with a

price vector p € R such that:

1. For every i = 1,....I, x; € B(p, M;), and z}; € B(p, M;) = z; = x}, where
M; =p- w; + Zj:l 6;;p - y; (consumers optimize by choosing z; in their

budget sets);

2. Forevery j=1,....J,y; €Y;,and p-y; > p-y; ¥V y; € Y; (firms optimize
profits by choosing y; in Y;);

3. Zle T; = Zi[:l w; + 23'121 y; (demand equals supply).

15 Also referred as strong Pareto allocation or Pareto optimum.

33



There is a simple and useful characterization of Pareto optimal allocations. Let
((Yj))=1, (=i, wi, 0:){—,) be a private ownership economy in which each prefer-
ence relation >=; has a continuous and strictly monotone utility representation
Uuj Ri — R. Consider the following optimization problem:

max ui(z1) (PO)

IL yRJIL
(z,y) ERL xR

subject to
ul(xz) >u; Vi=2,3,...,1,

J
dom<w+ )y
j=1

i=1

g EY;Vi=1,...,J.

Proposition 44. Suppose that each preference »=; is continuous and strictly
monotone. An assignment (x,y) solves the maximization problem (PO) if and

only if it is Pareto Optimal.

Definition 45. Walrasian Equilibrium with Transfers. A Walrasian equi-
librium with transfers is a tuple (z,y,p, T), where (z,y) € R x R]E, p € R

(a price vector), and T = (T;)1_, € R! (a vector of net transfers), such that:

1. Foreveryi=1,...,1I, z; € B(p, M;), and z} € B(p, M;) = x; = x}, where
M;=p w;+ Z;‘]:1 0i;p - y; + T; (consumers optimize by choosing x; in
their budget sets);

2. Foreveryj=1,...,J,y; €Y;,and p-y; > poy} Vy; € Y; (firms optimize
profits by choosing y; in Y;);

3. 25:1 T = 25:1 w; + Z;’:l y; (demand equals supply);
4. Zle T; = 0 (net transfers are “budget balanced”).

Theorem 46. Second Welfare Theorem in a POE. Let

€= (= wi, 0y, (V)

be a P.O.E. in which each Y; is closed and convex, and each preference =;

is strongly monotone, convex, and continuous. If (z*,y*) is a Pareto optimal
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allocation in which Zle 27 > 0, then there is a price vector p* € Ri and

transfers T = (T})L_, such that (z*,y*,p*,T) is a Walrasian equilibrium with

transfers.

The proof of the welfare theorems in the context of a P.O.E. is analogous to

that of pure exchange economies. You are encouraged to prove them.

5.2 Exercises

1. Prove Theorems 33 and 34. You are encouraged to interpret them as well.

2. Study the properties of the technology

Y:{(m,y)€R2:$<1,y<x }
z—1
In particular: closeness, convexity and free disposal.

3. Consider a firm with technology Y = {(—xz,2) € R? : z > 0,2 < f(x)}.

Prove that if Y possess the free disposal property, then f is non decreasing.

4. Consider an economy with two goods, two consumers and one firm. Con-

sumer 1 has preferences represented by

Ul(l’ll, 121) = V11221,

with initial endowment w; = (1,0) and ¢; = 0.3. Consumer 2 has quasilinear
preferences

Uz (212, T22) = 12 + In(222),

with initial endowment ws = (2,0) and 6 = 0.7. On the other hand, the firms
technology is
9 Az
V=<¢(2,y) eR*:2<0,y < ——
z—1
where A > 0 is a productivity factor.
1. Find the offer function of the firm.

2. Find each consumers correspondence demand.

3. Find the excess demand correspondence of the economy z(p1,p2).
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4. Study the effect of the productivity factor A over the equilibrium (prices
and allocation). In other terms, do some comparative statics focusing on

the parameter A.

5. Consider and economy with two consumers:

ua(Ta1, Ta2) = min {:L'Al, @}, wa = (a,1),04 =1/3

4
up(zp1,ep2) = (vp1)"3(xp2)??, wp = (1,b), 0p = 2/3,
with a,b > 0. Let
Y = {(1‘171}2) tdxo + 21 <0, 4x1 + 29 < 0}

be the firms technology.

a) Set the firm problem and solve it; specify all the price vector p € A for
which the problem has a solution. Obtain the offer and profit correspon-

dences.

b) Consider a specific p € A. Set and solve the consumers problem (for each

one).

¢) Obtain the excess demand function and analyze if it satisfies the basic

properties'?.

6. Consider an economy with two goods, two consumers and a firm. Consumers

have quasilinear utilities:

up(my,z1) = my +4lna,

UQ(’ITLQ,l‘Q) = mg + Inxzs.

Initial endowments are w; = (100,0) and wy = (100,0). Each one owns a

fraction 6; of a firm whose technology is given by
Y = {(_meyxe) cTe = \/Me, Te > Oame > 0}

We take z; > 0 but m; € R. This is, consumers can consume a negative amount

of m. Let p,, be the price of good m and p, the price of good =.

16 They are analogous to the Pure Exchange Economies case. See Mas-Colell et all (1995)
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1. Find the firm’s offer.

2. Find each consumers demand.

3. Find the aggregated excess demand function.

4. There is a property which is not satisfied'”, which one? Why?
5. Can you normalize p,, = 17 Justify.

6. Prove that, in this economy, the equilibrium prices do not depend on the

initial wealth'® distribution.

for a more detailed discussion.
17From the properties that aggregated demand function satisfy.
18Endowments and shares.
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6 Uniqueness of the Walrasian equilibrium

The issue of the existence of Walrasian equilibrium has already been discussed

previously. In this section, we will discuss the question of uniqueness.

Example 47. Consider 2 individuals with preferences

1 _
ul(xl,xg) =1z — §x28
2 1 g
u(x1,T2) = X9 — gacl

with endowments w! = (2,7) and w? = (r,2), r > 0. These utilities represent

rational, continuous, convex, and strictly monotonic preferences. Normalizing
b2 = 11
(p1) r 1 n 1
AP )= T 8 T i
D1 pl/ pl/

-

We quickly note that z;(1,1) = 0. However, for r = 28/9 —21/9 we find another
equilibrium. We also note that if (p*,1) is an equilibrium, (1/p*, 1) is also an

equilibrium. Thus, we do not have guaranteed uniqueness.

Theorem 48. Sonnenschein-Mantel-Debreu. Given Z that satisfies Propo-
sition 26, there exists an economy & that generates it as its aggregate demand

function.
The proof of Sonnenschein-Mantel-Debreu is not trivial at all.

Remark. While more restrictions must be imposed on the economy to ensure
the uniqueness of an equilibrium, every economy has a finite and odd number

of isolated equilibria.

Let us normalize p;, = 1 and define

2(p) = (21(p); 22(p); - - -, 2L-1(P))-

AISO, let D(p) = D(pla s 7pL—1)2(p)'

Definition 49. An equilibrium p* is regular if the matrix D(p*) is regular, i.e.,
it has a non-zero determinant. An economy is regular if all its equilibriums are

regular. An economy that is not regular is called critical.
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Remark. Regular economies are dense.

Definition 50. Local Uniqueness. An equilibrium p* € P(&J) is locally

unique if there exists € > 0 such that, Vp € Ri;l,

lp—pll <e = p&P),
where P(&J) is the set of equilibrium prices.

Proposition 51. Let 2 be C! and p* € P(&) be a regular equilibrium. Then,

*

p* is locally unique. Furthermore, there are neighborhoods B; of & in £, and

B, of p* in RY1', and a function h : By — Bs such that
2(h(@),d) =0 V&€ By,

and

-1
Dgh(@)——[Dpi(p,@) ] - Dz2(p*, ).
p=p*

Definition 52. Index. The index of p € P (&) is defined as:
index(p) = (—1)%~" - sign (det (D, 2(p,@)))
where det (D,2(p,d)) is the determinant of the matrix D,2(p, @).

Note that for every regular economy &, index(p) € {—1,1} V p € P(d).

We state without proof the following theorem.

Theorem 53. Index Theorem. If & is a regular economy, then
Z index(p) = 1.
pEP(J)
The index theorem can be used to establish uniqueness: if you can show that

any competitive equilibrium in an economy has index one, then there can only

be one equilibrium. Finally, the index theorem implies the following curiosity.
Corolario 54. A regular economy has an odd number of equilibria.

Definition 55. Given an excess demand function (EDF) z, we say that it
satisfies the Weak Axiom of Revealed Preferences (WARP) if for any pair of
prices p,p’ such that z(p) # z(p'), if pz(p’) <0, then p’z(p) > 0.
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Definition 56. An EDF z satisfies the property of Gross Substitutes if for any
pair of prices p and p’ such that p’ = p +¢ce; (¢ > 0),

zk(p) > z1(p'), k # L.

Theorem 57. If, in a regular economy, an EDF 2 satisfies the Gross Substitutes

property and conditions from Proposition 26, it has a unique equilibrium.
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7 The core

Let £ = {w!,=;: i =1,...,1} be a pure exchange economy. Following Federico

Echenique’s notation:

e An allocation < in E is a vector z = (z;)!_; € RI, such that Zi[:l x; <
I _
Do wi =w.
e An allocation = in E is a vector z = (z;)!_; € RI, such that Zi[:1 x; =
I _
dim Wi =
e A nonempty subset S C {1,...,I} of agents is called a coalition.
e Let S be a coalition. A vector (y;)ies is an S-allocation < if } gy <

Dies Wi

Let S be a coalition. A vector (y;)ics is an S-allocation = if ). cy; =
Dies Wi
Definition 58. We say that

o A coalition S blocks the allocation < zin FE if there exists an S-allocation<

(yi)ics such that y; > x; for all i € S.

e An allocation< is weakly Pareto optimal if it is not blocked by the coalition

I of all consumers.

o It is individually rational if no coalition consisting of a single consumer

blocks it.
e It is a core allocation if there is no coalition that blocks it.

Let C(€) be the set of core allocations< of £. We refer to C(€) as the core
of the economy £. Let P(€) be the set of Pareto Optimal allocations< of the
economy &, and let W(E) be the set of Walrasian Equilibrium allocations<.
Note that C(€), W(E), and P(€) are subsets of RLE.

Definition 59. A coalition S weakly blocks the allocation x if there exists an

S-allocation< (y;)ics such that y; > x; for all ¢ € S, and y; > z; for some
jes.
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1. Prove that, if each >; is continuous and strictly monotonic, then a coalition
blocks an allocation if and only if it weakly blocks it. Hint: the surplus can be

divided. Consider z; = (1 — ¢)y; por § small enough, and z; = Igl(i—il + Y.

Note. Form now, preferences will be continuous and strictly monotonic.

2. Conclude that, from Note 7, the only relevant allocations will be =.
Remark. Note that:

e If each preference relation is continuous and strictly monotonic, then all

core allocations are Pareto Optimal, i.e., C(E) C P(E).
e An allocation x of F is individually rational if z; >; w; forall: =1,... 1.
o If z € C(FE), then z is individually rational.

Theorem 60. Every Walrasian Equilibrium allocation is a core allocation, i.e.,

W(E) C C(€).
3. Prove Theorem 60.

Definition 61. Replica Economy. Let £ = (=;,w;)!_; be an exchange econ-
omy and N > 1 be an integer. The N-th replica of £, denoted as En =
(*4msWin)i=1,...I;n=1,..N, is an exchange economy where agents are indexed
by (i,n), and it holds that for every n =1,..., N, =;=>; , and w; = w; . Note
that the replica £y comprises I N agents.

Definition 62. Equal Treatment Property. An allocation

T = (Tin)i=1,. I;n=1,.,N

of £ exhibits the equal treatment property if z; ,, = ©; ,,, foralln,m=1,..., N
andi=1,...,1.

Lemma 63. Assume >; is strictly monotonic, continuous, and strictly convex
for every ¢ = 1,...,I. Then, every allocation in C(Ey) possesses the equal
treatment property. As a result, core allocations of £x can be represented as

vectors in RY-, and C(Ey) is a subset of RZX, as are the Walrasian allocations.
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Remark. Let £ = (=;,w;)!_; be an exchange economy with continuous, strictly

monotonic, and strictly convex preferences. Consider the following;:

(i) The core of a replica economy diminishes as the number of replicas in-
creases: VN, C(En) 2 C(En11) 2 C(ENy2) D - -

(ii) The equilibrium allocations of £y can be represented as allocations in &,

i.e., the elements in W(Ey) can be depicted in RIZ.
(iii) W(En) = W(E) for every N.

(iv) An equilibrium allocation of £ is part of the core of every replica economy
En: WI(E) CNae1 CEN)-

Theorem 64. Debreu-Scarf Core Convergence Theorem. Let & = (=;
,wi)I_, be an exchange economy where =; is continuous, strictly monotonic,
strictly convex, and w; > 0 for all 7. Also, assume w > 0. If z* € C(En) for

every N > 1, then z* € W(E). In other words,

WE) = () CEn).

1

fjg

Proof. See F. Echenique’s . The proof is not trivial. O

The Debreu-Scarf Core Convergence Theorem provides significant insights
into the behavior of competitive equilibria in large replicated economies. Here

we outline the core ideas that underpin the theorem:

1. Core of an Economy: The core is defined as the set of allocations
where no subgroup (coalition) of agents can rearrange their own resources
among themselves to make everyone in the group better off, given the total

resources available to them.

2. Replication of the Economy: The theorem considers an N-th replica
of the original economy, creating multiple copies of each agent with iden-
tical preferences and endowments. As N increases, each agent’s influence
diminishes, approximating the conditions of perfect competition where

agents are price-takers.
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3. Reduced Market Power: In smaller economies, individuals or small
groups can have significant market power. As the economy is replicated,
this power is diluted because the relative influence of any single agent be-

comes negligible, pushing the economy toward a competitive equilibrium.

4. Convergence to Walrasian Allocations: In the limit, as the num-
ber of replicas becomes infinitely large, the core allocations converge to
Walrasian allocations. This implies that competitive equilibrium, where
market supplies meet demands at certain prices, is a likely outcome in

very large economies.

5. Economic Implications: This convergence bridges cooperative game
theory (the core) and non-cooperative market theory (competitive equi-
libria), demonstrating under what conditions these theoretical frameworks

align and predict the same outcomes in large markets.

Conclusion: The Debreu-Scarf theorem illustrates why, in sufficiently large
economies, competitive market theory is not just a theoretical ideal but an

inevitable outcome of rational economic behavior.
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8 Welfare and aggregation

We now shift our perspective from the market to that of a social planner and

consider an exchange economy with production:

E={{w" =izt (Y7)jz1,.0, 005}

Given the economy &, we consider the set

The goal is to aggregate individual preferences to derive a "social preference".

Remark. Unfortunately, Arrow’s Impossibility Theorem tells us that this ag-

gregation cannot be conveniently done:

1. Unrestricted domain: considers the preferences of all individuals.

2. Pareto efficiency: if all individuals prefer allocation z over y, social

preference must preserve this order.

3. Non-dictatorial: the aggregation should not always reflect the prefer-

ence of any single individual.

4. Independence of irrelevant alternatives: the social preference be-

tween two options depends only on individual preferences regarding them.

Theorem 65. Arrow. There is no social aggregation rule that is unrestricted
in domain, respects unanimity, is non-dictatorial, and maintains independence

from irrelevant alternatives.

Due to Arrow’s Theorem, some assumptions must be sacrificed in order to
perform the aggregation. What is constructed is a Social Welfare Function.

Specifically, we have the following definition.

Definition 66. Given an economy &£ and the corresponding set of feasible al-
locations X, we fix for each preference <; a utility function «* that represents

it. A Social Welfare Function (SWF) is

W.: X—=R

(z', .. 2l) = Wt (zh), ..., ul (z7)).
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Remark. In reality, a prior transformation is performed so that each point in
the Edgeworth box corresponds to a point in R! where each dimension corre-
sponds to u’(z%). Moreover, the set of Pareto optima corresponds to the frontier

of the set formed in R?. Formally,
U={(u!,..,u") e Rl : 3 (a,y) feasible with u’ < u'(z’), i=1,...,T}.

Then,
W .U — R.

Definition 67. A SWF is increasing if V u, v’ € U, with 4 > 4/, it holds that
W(u) > W) and if w > v’ then W(u) > W(u'). A SWF is strictly increasing
if w >« and u # «' imply that W(u) > W(u').

1. Utilitarian: W (ul,...,ul) = 25:1 B;ut. Indifferent to inequality.

2. Rawlsian: W (u!,...,ul) = min;—q __;{B;u’}. Maximally averse to inequal-

ity.

3. CES (assuming u’ > 0)

1

I i—>p
Wil (007
I
Wt ..., ul) = ZBZ Inui, p=1.

The parameter p measures indifference to inequality. p = 0 corresponds to the

utilitarian and p — oo to the Rawlsian.
Remark. The goal of the social planner is to solve

max W(u',...,ul)

sa.(ul,...,ul) e U
On U, we can identify the Pareto Frontier
P={ueU:Au €U such that Vi : u, > u;, 3 u, > u;}.
Proposition 68. An allocation (z,y) is Pareto optimal if and only if

(ut(zh),...,ul (z)) e P.
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Proposition 69. If the SWF W is increasing, the social planner’s problem has

a solution in P.
Next, we work with the utilitarian function.
Theorem 70. If U is convex

1. Given w € P, there exist §; > 0, not all zero, such that the SWF

1 I\ _ I i . _
W(u',...,u") =3, Biu’ reaches a maximum over U at .
2. Every utilitarian SWF reaches its maximum on U if it is convex.

The following are equivalent:

I
ma '
W%y 2P
sa. (ub,..,ul)eU

and

I
max Z Biut ()
i=1

(z1,...,a1)
I I J
P DL SR
i=1 i=1 j=1
' >0
y e Y.

If each Y7 is defined by F7(y?) <0,

I
max Z Biu'(z")
i=1

(21,.2T)
I I J
D S S ¥
i=1 i=1 j=1
>0
Fi(y’) <0.

Assuming differentiability, concavity, and convexity, we conveniently obtain the

optimality conditions _ _
8@’(1,1 o )\g o agF]
84/ui - )\gl - az/Fj
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for any combination of indices 4, 7, £ and £'.
On the other hand, each consumer 7 solves

max u’(z’

max u'(z")

s.a. pxi < W

whose solution is characterized by

o’ py
Oput  pp
Meanwhile, each firm j solves
max py’

s.a. Fi(y)) <0,

whose solution is characterized by

O py
O FI py’

Thus, the marginal rates are equal to the price ratios.

Remark. The coefficients 3; are the inverses of the multipliers 4* such that
dput(z') = ~'py.
8.1 Negishi’s Method

1. Every Walrasian equilibrium is a Pareto optimum.

2. Every Pareto optimum can be solved as a problem of the type:

1
max Z Biut ()
i=1

(z1,...,zT)
I I J
TSP S o
i=1 i=1 j=1
x >0
F(y’) <0.

3. Every Pareto optimum is a Walrasian equilibrium with transfers.
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4. Every Walrasian equilibrium is a Walrasian equilibrium with zero trans-

fers.

5. If the statements are valid, Negishi’s method can be applied, which in-

volves:

a) Solving the problem for Pareto optima taking [3; as parameters.

b) Calculating the prices according to ;.

d) Finding the parameter set that makes the transfers zero.

)
)
c¢) Calculating transfers according to f;.
)
e)

With the 3; found, determining the prices and allocations of equilib-

rium.

Let (=;)!_, be a collection of preferences where each »; is represented by
a utility function w; : Ri — R. Consider an economy identified by a vector of
endowments w € RLL, structured such that for each w € Rer, (=i,wi) ;. An
economy has a fixed structure of endowments if there exists o = (a;)!_; € RL

with ZLI o; =1 and w; = oy0.

Theorem 71. Eisenberg’s Theorem. Assume that each =; is represented by
a continuous and homogenous degree one utility function u;. Then the aggregate
demand of the economy is generated by a representative consumer, whose utility
function U : Ri — R is given by:

I

(z1,...,zr) ERLL

K3

I
U(z) = max ( (ul(acl))a> st x= Z T
1 i=1
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9 Conclusion

Throughout these lecture notes, we have extensively explored the foundational
and complex aspects of general equilibrium theory, from basic 2x2 economy
models to more sophisticated scenarios involving production and pure exchanges.
These discussions have been vital in understanding resource allocation and effi-
ciency within various economic frameworks.

While studying models with infinitely many goods might not be at the cut-
ting edge of new economic research, they offer crucial insights and are vital for
deepening our understanding of theoretical economics. These models require
robust mathematical tools, specifically from topology and functional analysis,
to tackle their complexities effectively. For those interested in delving further
into this area, the work by Araujo and Klinger Monteiro, provides foundational

insights (Aloisio Araujo & Paulo Klinger Monteiro 1992).
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