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1 Introduction

The following model introduces the main theoretical results of the matter from
an economic point of view. We will consider identical and infinitely lived house-
hold, t € Z, a consumption good y; which is produced using capital stock and
labor

Yt = F(kkaet)v

and we denote consumption by ¢; and investment by i; [Lucas et al. (1989)].
Since there are no exports, imports, government expenditure, or other kind of
economic contribution source,

¢+ 1 <y

This consumption-saving decision is the only allocation decision the economy
must make.

Now, capital stock is assumed to depreciate at a constant rate 0 < § < 1.
Thus, since investment is used to acquire more capital,

lersr = (1= 0)ky + iy

We will consider that labour is supplied exogenously. Finally, since current
consumption is preferred over future consumption, the optimization problem
which is considered is

max Z BU (ct)
t=0

st tkipr = (1 — )k + 4y
e+ <Yy
ye = F(ke, £r)
k(0) = ko.

Here the discount term is 8 € (0,1).
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1.1 Preliminaries

Definition 1. The production function F : RY — Ry is class C', strictly
increasing, homogeneous of degree-one and strictly concave

F(0,0) =0
2 e
klggo%:o.

There properties are studied with much more detail in Barro and i Martin
(2003).

Remark. Since iy = ki1 — (1 — 0)ky,
¢t + kt+1 — (1 — (S)kt S F(kt,ét).

Definition 2. The objective function of the multi-stage optimization problem

PD is
u(co, €1, ...) = ZﬂtU(ct).
=0
This definition is explained in [Mas-Colell et al. (1995)], [Varian (1992)] or [Grav-

elle and Rees (2004)]. Here U : R — R is bounded, continuously differentiable,
strictly increasing and strictly concave. Furthermore,

lim U’(c) = oo.

c—=0
Remark. The objective is to choose the sequence {ct, ki1, £t }520-
Remark. Considering the equality

et +ip = Flky, ) 2 Flly, 1)
and the dynamic for k;, we have, defining f(k;) = F(k:, 1) + (1 — )k, that

Ct = f(kt) — kt+1.

Thus, the Pp is rewritten as follows

max > B'U[f(ke) — kisa]
thet13820 55

5.6.:0 < kpyr < f(ke)
ko < 0, given.



Remark. Although ultimately we are interested in the case where the planning
horizon is infinite, it is possible to have problems of the kind

T
max > B'U[f(ke) = kisa]

the+13820 55
$.t.:0 < kpypp < f(kt)
ko < 0, given.

In such a case, it would only be a standard concave programming problem
where {k;}7_, C RT*1 is a convex, closed and bounded set. Here the solution
is completely characterized by Kuhn-Tucker conditions Acemoglu (2009)

5f/(kt)U/(f(kt) - kt+1) = U/(f(ktfl) - /ft)» t=1,..,T

ki1 = 0.
Indeed,
d (&,
cht (;ﬁ Ulf (ki) — kt+1]> =0
implies
BUF! (ke)U' £ (ke) = kesa] + B H(=)U"[f (ke—1) — ke = 0.
This is,
B (k)U'[f (k) = kea] = U'[f (ke—1) — kil (1)
Since 0 < ktJr]_ < f(kt), UI<0) = 00,
kry1 = 0.
Example 3. Let f(k) = k% 0< a < 1and U(c) =1In(c). From (1), we obtain
a1 1 _ 1
poks (kt“ - k‘t+1> B <k31 - k‘t) . @
Let z; = ki /k{_ ;. Thus, (2) becomes
a1 1 _ 1
st ()~ (ema =) )
Simplifying (3),
Baki (1 - ) = 12t (4)
ki y
P Ba(l — 2) (5)
2t

Finally, by induction,
1— T—t+1
= ap (Lo (0B
[ (aB)T—"

1—(aB)T—t

ki1 =apB (1(015)Tt+1> k¥, t=0,1,...,T.



Remark. What happens if we take T' — 00? ki1 = afk{*. Is this the solution?
Actually, it is not as easy as take T' — oco. We will now focus in the infinite
horizon case. For this, we will start afresh.

1.2 General case

The problem that faces the planner in period ¢ = 0 is that of choosing today’s
consumption (¢p), and tomorrow’s beginning-of-period capital k1, nothing else.
If the preferences of the planer, over ¢y and ki, are known, we could simply
maximize over (cg, k1). Assume that Pp is already solved, with ki1 = g(kt).
Then, we could define v : Ry — R by taking v(kg) to be the value of the
maximized objective function in Pp. This function is known as value function.
With v so defined, v(k1) would give the value of the utility from period ¢t = 1 on
that could be obtained with k(t1) = k1 and Sv(k1) would be the value of this
utility discounted bak to period ¢ = 0. Then, the planner’s problem Pp would
be

max Ul(co) + (k)

Co,k1
s.t. co + ]{1 S f(ko)
co, k1 >0, kg >0, given.

If the function v were known, we could use to define a function g : Ry — R4 as
follows, for each kg > 0, let k1 = g(ko) and co = f(ko) — g(ko) be the functions
that attain the maximum in Pp.

Remark. If v(kg) solves Pp,

v(ko) = ngfﬁgﬁkﬂ){U[f(ko) — k1] + Bo(k1)}.

Notice that when the problem is looked at in this recursive way, we can simply

rewrite

k) = Ulf(k) — . 6
o(k) = | mae U[F(E) = 3] + Bolu)} (6)
Moreover, (6) is a functional equation and the problem which is faced is called
a dynamic programming problem. If we knew that v was differentiable and that
the maximizing value of y was interior, then by F.O.C,

U'[f(k) = g(k)] = Bv'[g(k)]
v'(k) = f((R)U'[f(K) — g(k)].

The first equation equates the marginal utility of consuming current output to
the marginal utility of allocating it to capital and enjoying augmented consump-
tion next period. The second equation states that the marginal value of current
capital and the marginal utility of using capital stock in current production and
allocating its return to current consumption.



2 Existence and uniqueness

Recall that Pp leads to (6). Our purpose now is to prove the existence and
uniqueness of a function v satisfying (6), and to derive its properties. For this,
we will define the following sequence

nt1(k) = Ulf(k) — w(y)}, n=0,1,2,... 7
vnia(k) = max AU[f(k) =y + fun(y)}, n (7)
How to prove that there exists v such that v, — v? The idea is to use a fixed
point argument |Ok (2007)]. Notice that the sequence {v,}nen is increasing
[Lucas et al. (1989)].

2.1 Some preliminaries from Real Analysis

Definition 4. A real vector space V is a set of vectors together with two
operations, addition and scalar multiplications. For any two vectors x,y € V,
x+y €V, and for every z € V and o € R, ax € V. These operations must
obey some algebraic rules that we state next right below. Given z,y € V and
a, B €R

lL.Lz+y=y+z

2. (r+y)tz=z+(y+2)

3. alz+y)=ar+ay

4. (a+ B)x =azxz+ Py

5. (af)z = aBx)

6. 36 € V (zero vector) such that z + 6 =z
7. 0z=10

8. lx = =x.

Example 5. The sets RI,CE, X = {# € R? : 2 = az, a € R}, z € R?,
C°([0,1],R) are real vector spaces, while Z and S! are not.

Definition 6. A metric space is a set X with a metric (distance function),
d: X x X — R such that, for any z,y,z € X

1. d(z,y) > 0, with equality if and only if z = y.
2. d(x,y) = d(y, z)
3. d(z,z) < d(z,y) + d(y, 2).

We usually denote (X, d).

Example 7. The sets



o (Z]x—yl)

o C%[a,b], T, maxa<i<p |2(t) — y(t)])

o € ([a,b,1, f7 2(t) - y(t)ldt)
are metric spaces.

Definition 8. A real vector normed space is a vector space X together with a
norm || -]| : X — R which satisfies the following properties. Given z,y € Sy
a € R,

1. ||z|| > 0 with equality if and only if z = 6.
2. ||ax|| = |af - |||
3. ||z +yl| < ||z]| + ||y|| (triangle inequality).

Example 9. The following are norms

L flzfla = /X0, 22, X =RE

2. [|2||max = maxi<i<p{|@|}, X =RE
L

3 |zl =205 mal, X = RE

4 flh = [P 1f@)]dt, X = CO([a,b], R)
5. |1 fllo = $SUPacres £, X = C((a, b], R).

Definition 10. A sequence {z},>¢ in (X,d) converges to z € X if for each
€ > 0, there exists N, such that

d(zy,x) <€, n> N..

Remark. If we want to verify the convergence it is needed to have a candidate
for the limit point x (which is, by the way, in RY, unique' ). When a candidate
is mot immediately available, the following result is often useful.

Definition 11. A sequence ({z,}52,) C X is a Cauchy sequence if for every
€ > 0, there exists N, such that

d(Tp, Tm) < €, n,m > N.

Proposition 1. A Cauchy sequence is convergent and a convergent sequence is
a Cauchy sequence.

Definition 12. A metric space (X, d) is complete if every Cauchy sequence in
X converges to an element in X.

'In every Hausdorff space.



Example 13. (R,|-|) is a complete metric space.
Definition 14. A Banach space is a complete normed space.

Lemma 15. Let X C RL, and let C(X) be the set of bounded continuous
functions f: X — R with sup norm ||f||ec = sup,cx |f(x)|. Then, C(X) is a
normed vector space.

Proof. The fact that is a normed vector space is by definition. To see that ||-||eo
defined a norm, first, notice that

0<sup|f(z)]=0= f(x)=0, Ve X.
zeX

By continuity, f = 6. Then, trivially ||f||cc > 0. Then, given o € R
llaef[loe = sup |af(x)| = sup |af - [f(z)] = asup [f(z)| = |af - [|f]]oo-
reX reX zeX

Finally, the triangle inequality follows from the usual triangle inequality for |- |,

lf +gl < [fI+ gl

Since this is for every x € X, |f| + |g| is upper bound for |f + g|. Thus, by the
definition of the supremum,

I1f 4+ glloo = sup | f + g < |f| + |g] < sup |f] + sup |g] = || f]]oo + ||9]]oo-
rzeX reX reX

In all moment it is used that ||p||e < oo. O
Theorem 16. The set C(X) is a complete normed vector space.

The proof is given in Lucas et al. (1989). Now, we are able to address the
main result which is needed to study our problem (7), the Contraction Mapping
Theorem.

Definition 17. Let (X,d) be a metric space and T : X — X be a function
mapping X to itself. Then, T is a contraction mapping with modulo 6 € (0, 1)
if d(Tx,Ty) <6d(z,y), V z,y € X.

Definition 18. A fixed point = € X is such that Tx = x.

Theorem 19. (Contraction Mapping Theorem.) If (X,d) is a complete
metric space and T : X — X a contraction mapping with modulus 6, then

1. T has ezxactly one fized point x* € X.
2. For any xp € X, d(T"xo,2*) < 0™d(xo, z*).

Proof. Take zy € X and define {x,}52, recursively by z,+1 = Tz, so that



Zn = T"xo. Then, by the contraction property,

d(l‘g,xl) = d(Tl‘l,Tl‘o) S 9d(m0, 1‘1)
d(.fg,l’z) = d(TxQ,Txl) S 9d($2,$1) S 02d($0,$1)

d(Tpt1,2n) < 0"d(21,20).
For any m > n,

A Xy n) < A Xmy Tin—1) + oo + d(@pp1, Tn)
< 9md(x1,x0) + ...+ Q"d(xl,mo)

= (Z 9k> d(a:l, Io)
k=n
on
1-6

Since X is complete, it follows that x,, — x* for some z* € X. Furthermore,

< d(z1,70).

d(z*, T2*) < d(Tx*, T"x) + d(T"zo,z*) < 0d(z*, T" *xq) + d(T™x0,2*) — 0.

Finally, to show the uniqueness, assume there exists y € X, y # «* s.t. Ty = y.
Then,
0<a=d(z*y)=dTz",Ty) < 0d(z*,y) = 0a =<.

O

Theorem 20. (Blackwell). Let X C R and B(X) be the set of all bounded
functions from X to R, with respect to || - ||oc. Then, let T : B(X) — B(X) be
an operator satisfying

1. Monotonicity: f,g € B(X), f(z) < g(z) = T(f(2)) < T(g(z)).
2. There exists 3 € (0,1) such that
T(f+a)(x) <Tf(x)+ Ba, (f+a)(z)=f(z)+a
Then T is a contraction.
Proof. If f(z) < g(z) and
T(f)(x) <T(g)(x),
then, since f < g+ ||f — ||

Tf<T(g+Ilf—9gll) <T(9)+BIlf = gll-

Thus,
ITf—Tyll < BIIf —gll.
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