Irregular wave dynamics driven by a random force within
the Burgers equation
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Abstract: In this article, we study the classical Burgers equation as a model for random fields. First,
we consider initial data defined as a sum of harmonics with random phases and compute the blow-up
time. Several simulations are performed, revealing that, while the critical blow-up time is
approximately distributed according to a Gaussian law, the statistical tests reject the normality
hypothesis. For the viscous case, we analyze waves driven by a random force. Using the Cole-Hopf
transformation, the averaged wave field is computed numerically. Through a change of variables, we
demonstrate that randomness primarily affects the phase of the wave field. Assuming the phase follows
a uniform distribution, we show that the averaged field spreads and diminishes over time.
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1. Introduction

Several models are used to describe the dynamics of nonlinear waves in fluids. While more com-
plex models may better capture real-world phenomena, they also introduce significant challenges
in solving the associated nonlinear partial differential equations, whether analytically or numeri-
cally. Dispersive equations, such as the Korteweg-de Vries and Benjamin-Ono equations, serve as
excellent prototypes for studying solitons and algebraic solitons. Although these equations can
also be employed to model random wave fields, the results are inherently limited to numerical
approaches [12]. The Burgers equation [3] although simple, it carries two important mechanism
in nonlinear physics, nonlinearity and viscosity

Ut + Uy = VUgy, (1.1)

where, u = u(z,t) represents the wave field at the position = and time ¢, and v is a constant
that carries the information of the kinematic viscosity (Reynolds viscosity) of the fluid. Such
equation appears widely in the literature for studying shock waves [3] which also appear in the
study of plasma physics [1l [15, 17, 18] and hydrodynamics [19] 20}, 21]. Besides, it represents
the dispersionless limit of significant equations in physics, such as the Korteweg-de Vries (KdV)
equation, the Benjamin-Ono (BO) equation, the Whitham equation, and others [4], 23] 2] 22] [7
9, [16]. Although the Burgers equation has been extensively studied in the literature, it continues
to be a subject of ongoing research in the field of nonlinear physics [13] [9].

The aim of this work is to examine the propagation of a random initial condition within the
Burgers equation (L.I). We explore several scenarios. First, in the inviscid limit (v — 0), we
compute the average time for wave breaking and demonstrate that the critical time follows a
distribution closely approximated by a normal distribution. Additionally, in the viscous case, we
apply the Cole-Hopf transformation to determine the exact solution of the Burgers equation and
analyze the impact of a random force on the wave field. Our results show that the mean wave
field attenuates and spreads over time.



2. Modeling equations
The initial value problem for the Burgers equation is

Ut + Uy — Vg, = 0,

u(z,0) = up(x).

(2.1)

To model the initial wave field, we consider an irregular wave field represented by a Fourier series

with N harmonics N

ug(z) = > \/28(ki) Ak cos(kix + ¢;), (2.2)
i=1
where S(k) is the initial power spectrum, k; = Ak is the wave number, with Ak being the
sampling wave number, and ¢; is a random variable uniformly distributed over the interval
(0,27), which adds randomness to the problem. In this study, we assume a Gaussian-shaped
wavenumber power spectrum

1 (k — ko)?

S(k) = Qexp <_22K2) , (2.3)

where Q and K are positive constants, and kg represents the central wavenumber. For numerical
studies on dispersive equations, we refer the reader to [12] and the references therein. In what
follows we take N = 256 harmonics with a step size Ak = 0.023 in the wavenumber domain,
@ =1 for the spectrum amplitude and K = 0.18 for the spectrum width.

3. Results

3.1. The inviscid problem (v = 0)

To solve the inviscid Burgers equation (v = 0) given by
U + vy =0, (3.1)

with an initial condition u(x,0) = ug(x), we apply the method of characteristics. Along each
characteristic curve, the function v remains constant, which implies

du
ik + uu, = 0. (3.2)
Therefore, we have
u(z,t) = uo(s), (3.3)

where s is the initial parameter of the characteristic, and it satisfies the equation
T = s+ up(s)t. (3.4)

Next, we introduce the function z(s,t) = ug(s). Using the Fourier representation of the initial
condition ug(x), we obtain

N
z(s,t) = Z 25(k;)Ak cos(kis + ¢;) = h(s), (3.5)

i=1



where S(k) is the initial power spectrum defined in (2.3)), and ; is a random variable uniformly
distributed over the interval (0, 27). The wave profile can now be visualized in the coordinates

(z,t,2) = (s +th(s),t, h(s)). (3.6)

Finally, for several realizations of the random phase vector ¢ € RM | ,, ~ U[0, 27], we compute
the characteristic time %, defined as

" ming A/(s)

u(z,t)

(a) u(zx,t) for cosine initial profile, ko = 1. (b) u(zx,t) for cosine initial profile, ko = 0.1.

Figure 1: Comparison of u(z,t) for cosine initial profiles with kg = 1 (left) and ko = 0.1 (right).

The results of the simulations are illustrated in the following figures. Figure shows the
wave field for moderate wavelengths (kg = 1), while Figurepresents the corresponding results
for long waves (kg = 0.1). In both cases, we observe that the wave field experiences an overturn,
indicating a gradient catastrophe; in other words, the gradient of the solution blows up in finite
time.

In order to determine a distribution law for the wave-breaking time (t.), a series of Monte
Carlo simulations were performed, and the results are displayed in the histograms in Figures
and These figures illustrate the empirical distributions of the critical time ¢, for
M = 2000, M = 4000, M = 6000, and M = 8000 simulations, respectively, with ky = 0.01.
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Figure 2: Empirical distributions of the critical time ¢, for various numbers of simulations (M =
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2000, M = 4000, M = 6000, and M = 8000) with ko = 0.01.

M w o T Yo JB P Normality
2000 | 3.2524 | 0.55061 | 0.55696 | 3.7904 | 155.46 0 Not normal
4000 | 3.2478 | 0.53432 | 0.39982 | 3.2491 | 116.91 | 4.44 x 10~'® | Not normal
6000 | 3.2534 | 0.53438 | 0.41406 | 3.5842 | 256.76 | 3.33 x 10~ '® | Not normal
8000 | 3.2468 | 0.53302 | 0.36071 | 3.2222 | 189.95 | 1.11 x 10~ '® | Not normal

Table 1: Results of normality tests for the critical time ¢. across varying M.

Here M is the number of simulations, u is the mean of the critical time ¢., ¢ is the standard
deviation of t., vy; the skewness of the distribution, v the Kurtosis of the distribution, JB
theJarque-Bera test statistic,p: p-value for the Jarque-Bera test and normality indicates whether
the distribution is normal based on the test.

The normality tests for the critical time ¢. is conducted across varying numbers of simulations



(M = 2000, 4000, 6000, and 8000). The mean (u), defined as
| M
- E (@)
lu - 7‘[ — tc ) (38)

represents the average critical time, and remained stable around p =~ 3.25. The standard devia-
tion (o), given by

o= % 3 (t&“ - M)Z, (3.9)

i=1

measures the variability of ¢., which was approximately o &~ 0.53 across all M. The skewness

ﬁ EzAil (tgi) - M)S

3

n = (3.10)

ag
quantifies the asymmetry of the distribution, with positive values indicating a right-skewed dis-
tribution. In all cases, v is positive but globally decreases as M increases (for M = 6000 the

pattern changes). The kurtosis

) 4
ﬁ ZZI\il (t&) - N)
= N , (3.11)

measures the tailedness of the distribution, with values slightly exceeding 3, suggesting a lep-
tokurtic behavior. Finally, the Jarque-Bera test, defined as

2
JB = % (wf + (72;@) , (3.12)

combines skewness and kurtosis to test for normality. The p-value for the Jarque-Bera test is
calculated using the chi-squared distribution with 2 degrees of freedom: p = 1 — F\2(JB;2).
For all values of M, the p-value is nearly zero, leading to a rejection of the null hypothesis of
normality. These results indicate that the distribution of ¢, deviates significantly from normality,
showing both skewness and heavier tails. The analysis leads to the conclusion of non statistical
normality.

3.2. The viscous problem

In this section we analyze the case in which » > 0. For this purpose, we star analyzing the
heat equation as a stepping stone to deriving the solution of Burgers equation via the Cole-Hopf
transformation [3]. Consider the following heat equation with initial profile,

Wy — VWge = 0, (3.13)
w(z,0) =1+ Zf;l /25 (ki) Ak cos(k;x + ¢;), '
where
(k—kq)?
S(k) = Q67 K2 kl = ZAk‘, i ~ Z/{[O, 271‘] (3]_4)
Using the Cole-Hopf transformation, the solution to Burger’s equation,
U + UUy — VUgy = 0, (3.15)



can be derived from the solution of the heat equation. The Cole-Hopf transformation relates the
solutions of these two equations through the relationship

t)=—-2 3.16
(e, t) = 22 (3.16)
Specifically, setting
w(z,t) = @t o £, (3.17)
we have that ,
0¢ 0% 0¢
— =v— — ] . 3.18
ot~ Voaz T\ on (8.18)
Taking the derivative with respect to =z and letting u = ¢,, we obtain Burger’s equation:
ou ou 0%u
g = 2= 3.19
ot Mor ~ Vou? (3.19)

for « = —(2v)~L. For further details, refer to [14, [3]. The solution to the heat equation for the
given initial condition is

N
(kj—kg)?
w(z,t) =1+ Z V2Qe i Ak cos(k;x + cpl-)e*”k?t. (3.20)
i=1
Using the Cole-Hopf transformation, the corresponding solution to Burger’s equation is

N ey ke
w vy Zi:l k; 2@@ axz Ak sm(k‘ix + g@i)e i . (3'21)

w(x,t RTETE
0 1+ sz\; 2Qe = Ak cos(k;x + (pi)efuk?t

u(x,t) = —2v

For the general case of Burger’s equation with initial condition u(z,0) = ug(x), the initial data
can be expressed as

wy (2, 0)
= 2u——=. 3.22
’LL()(iC) v ’lU($,O) ( )
By separating variables, the initial condition for the heat equation becomes
1 x
w(z,0) = exp (—/ uo(s) ds) . (3.23)
2v 0
The solution to the heat equation with this initial condition is
wxw—/mf<>i;x“ﬁfd (3.24)
) - n = n, .
where f(n) = w(n,0). Finally, the solution to Burger’s equation is
e z—n\ _(@-n?
F (= Je ™ dn
u(x, t) = —2— - . (3.25)
_ —n
fm)e” " dn
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Figure 3: Plots of u(z,t) for different spatial domains and time horizons (adapted to see the
asymptotic behavior) derived using the Cole-Hopf technique. The subfigures correspond to kg =
0.01, kg = 0.1, kg = 1, and ko = 1.5, respectively.

Figures show that over time, the wave amplitudes decrease to zero in all cases, a
behavior attributed to exponential decay. Moreover, it is evident that the decay rate is faster for
larger values of kq. Simulations for ky > 2 were performed, and we observed that, for instance,
when ko = 10, the amplitude decreased to 10~°° when ¢ was close to 0.

3.3. The forced stochastic Burgers equation

Many authors have leveraged the fact that, with an appropriate change of variables, dispersive
equations with quadratic nonlinearity of the form wu, and a stochastic forcing term can be
transformed into equations with constant coefficients [8, 11l 12} 24]. To illustrate this, consider
a forced Burgers equation with a forcing term (¢):

Up + Uy — VUgy = P(t), z€R, te(0,00). (3.26)
We first introduce a new variable n(x,¢) defined as:

n(z,t) =u(z,t)+ Z(t), where Z'(t) = (t). (3.27)



Substituting into the original equation yields:
e+ Z(t) e + 1Mz — Ve =0, z€R, t€(0,00). (3.28)
Next, we define a shifted spatial coordinate:
T=x-V(t), where V'(t) = Z(t). (3.29)

Transforming the equation to the new coordinate system and simplifying leads to the viscous
Burgers equation with constant coefficients:

N +MMe — Viee =0, x€R, tec(0,00). (3.30)

When a forcing term 1 (¢) is introduced, the solution u(x,t) can be therefore expressed as:

SN iV 2Qe TS Aksin (ki(z — V(1) + 1) e VR

(ki —kg)?
L+ sz\; 2Qe” it Ak cos (kz(x —- V() + %)efukft

(3.31)

w(a, ) = /t w(s)ds + 20

where V" (t) = 1 (t).

Notice that the term ? does not influence the characteristics of the wave field; it only affects
the pedestal. Meanwhile, the primary contribution to the wave field, according to the expression
, comes from the phase. Therefore, to compute the averaged wave field, we assume that
V (t) follows a uniform distribution, V(t) ~ U[—0o(t), o(t)], where o(t) is the dispersion parameter,
which is a function of time. Consequently, the averaged wave field is computed as

(ki —kg)?

1 ot N ki 2Qe iw  Aksin (ki(z — V(¢ ;e vkit
<’LL> _ 5 / (8) dS + o2 Z’L—l Qe Sln( (fE ( )) + 2 )e

t e
0'() —o(t) to 1+Zf\;1 2Q€_(k4Kk20) Ak cos (kl(xiv(t))+goz)67ukl2t

' al RE 0
= w(S)ds—V1n< 1+Z QQG*("AIKICQO) Ak cos (kl(l'—V(t))'*‘QDz)eiuk?t )
% i=1
(ki —k0)?

o(t)
14 Zf\il 2Qe” " ix2 Ak cos (kz(x —a(t)) + @i)e—ukft

—a(t)

(ki —ko)?

L+ Zf\; 2Qe” 1z~ Ak cos (kl(x +o(t)) + %)efukft

:/t:zp(s)ds—;t)ln

(3.32)
An important consideration at this point is ensuring that the denominator
N _ (ki—kp)? k2t
1+ V2Qe &2 Akcos (ki(z + o(t) + gi)eh (3.33)
i=1
is never equal to zero. To achieve this, we bound the summation term:
N _ (ki—kp)? K2t N _ (ki—kp)?
D V2Qem T Akcos (ki(z + o(t) + ¢;)e M <>\ 2Qe”wE Ak (3.34)
i=1 i=1
Thus, to ensure that
N _ (ki—kq)?
1>) \2Qe i Ak, (3.35)
i=1



it is sufficient to require that N - /QAEk < 1. Note that this is not a necessary condition,
as the cosine term oscillates. However, this condition provides a sufficient guarantee that the
denominator never equals zero. Empirically, we observe that, even for N - /QAk > 1, the
denominator remains different from zero.

In order to interpreter the solution we need to fix a set of parameters. To this end, we choose
initially kg = 0.1, which represent long waves and v = 0.1 for Reynolds viscosity. Figures
displays the evolution of the averaged wave field for different values of the dispersion parameter.
The effect of the random phase on the averaged solution is clear. The wave field tend to spread
and damping over time. This behaviour is similar to the case of soliton solutions discussed in
[12, 10]. The same can be observed for a time dependent dispersion, see Figures
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Figure 4: Plots of u(z, t) for different values of o(t): o(t) = 1, o(t) =5, o(t) = 10, and o(t) = 20.
Time scale adjusted to see convergence when ¢ — oco.

For a non-time-homogeneous o(t), it is observed that the more convex o(t) is, the faster
the decay of the amplitude. Specifically, as shown in Figure [5bl the amplitude decreases more
rapidly for o(t) = t?. Conversely, for o(t) = In(t + 1) (Figure , the decrease is slower and less
pronounced.

The transformations introduced allow us to convert the forced Burgers equation into a form
with constant coefficients, simplifying the analysis. The inclusion of a forcing term introduces a
dependency on ¥ (t) and V(t), whose statistical properties significantly influence the behavior of
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Figure 5: Plots of u(x,t) for different values of o(t): o(t) = t, o(t) = t?, o(t) = V/t, and
o(t) =In(t+1).

the solution.

4. Conclusions

In this work, we investigated irregular wave fields described by the Burgers equation. For the
inviscid case, we computed the averaged wave-breaking time and empirically demonstrated that
it closely follows a normal distribution, yet the statistical tests reject normality. For the viscous
case, exact solutions were obtained using the Cole-Hopf transformation, which were then uti-
lized to study the problem under a random external force. The forced problem was addressed
by introducing a change of variables that transformed the stochastic Burgers equation into a
deterministic one. We demonstrated that randomness primarily affects the phase of the solution.

By assuming it follows a uniform distribution, we showed that the averaged wave field tends to
spread and dampen over time.
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